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Af ast ver t ex f i t t i ng al gor i t hmhas been t est ed, whi ch uses a l ocal par amet r i zat i on of t r acks ar ound a f i xed poi nt . Thi s poi nt i s
chosen t o be cl ose t o t he pr i mar y and shor t - l i ved secondar y ver t i ces, or t o t he decay ver t ex of a l ong- l i ved par t i cl e ; hence usef ul
appr oxi mat i ons may be ut i l i sed. The ext r apol at i on of t he t r aj ect or y and i t s er r or mat r i x t o t he ver t ex r egi on i s per f or med once per
t r ack, even i f t he t r ack associ at i on pr ocedur e needs t o be i t er at ed . The t i me spent on t he comput at i on of t he f i t t i ng pr ocedur e i s
pr opor t i onal t o t he number of t r acks ( n) i nst ead of n3 as i n a st andar d l east - squar es met hod wher e t he par amet er s of al l t r acks ar e
f i t t ed t oget her at t hei r common ver t ex . The met hod i s used i n t he LEPexper i ment DELPHI at CERN. The Mont e Car l o t est has
been made f or t he ZEUSexper i ment at DESY. The ver t ex f i t t i ng qual i t y and t he t i me consumpt i on et c. have been exami ned.

1. I nt r oduct i on

The ver t ex r econst r uct i on ( i . e . ver t ex f i ndi ng and
f i t t i ng) i s an i mpor t ant t ask f or st udyi ng t he heavy
f l avour physi cs i n exper i ment s at hi gh ener gy col l i der s .
I n or der t o ef f ect i vel y separ at e t he secondar y ver t i ces
f r om t he pr i mar y one, al l ver t i ces have t o be wel l
r econst r uct ed . I n pr esent and f ut ur e col l i der s, t he
char ged t r ack mul t i pl i ci t y at t he pr i mar y ver t ex can be
qui t e hi gh ( i n t he or der of 10 t o 100) ; t hus t o have a
f ast ver t ex f i t t i ng al gor i t hm i s not onl y desi r abl e, but
al so a necessi t y. Thi s ar t i cl e pr esent s a t est f or a f ast
ver t ex f i t t i ng met hod [ 1] usi ng a l ocal par amet r i zat i on
of t r acks .

The goal of a " f ul l " 3- di mensi onal ver t ex f i t i s t o
obt ai n t he ver t ex posi t i on V and n 3- vect or s t r ack
moment a pi ( i = 1 - n) at t he ver t ex as wel l as t he
associ at ed covar i ance mat r i ces. The i nput i nf or mat i on
f or t he ver t ex f i t consi st s of 5- par amet er s q; ( f or 3- D
t r acks cur ved i n a magnet i c f i el d) and t hei r covar i ance
mat r i x C of each t r ack t a r ef er ence nni nt ( f i g 11
The l ocal ( i . e . " per i gee" ) par amet er s def i ned i n sect i on
3 descr i be t he t r aj ect or y cl ose t o t he or i gi n poi nt whi ch
i s a f i r st appr oxi mat i on of t he pr i mar y or t he shor t - l i ved
secondar y ver t i ces; t her ef or e t he r el at i onshi p bet ween

qi and ( V, pi ) i s si mpl e i f t he cur vat ur e ef f ect may be
negl ect ed, or appr oxi mat ed at t he f i r st or der . Al so t he

1 Now i n LAAgr oup at CERN, Geneva, Swi t zer l and.
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Fi g. 1 . Rel at i on bet ween qt and ( V, pi ) i n a ver t ex f i t .

" per i gee" par amet er s t hemsel ves car r y i nt er est i ng
physi cal i nf or mat i on: t he i mpact par amet er and a good
appr oxi mat i on of t he t r ack di r ect i on at t he ver t ex .
Mor eover , by usi ng t he " per i gee" par amet r i zat i on, t he
I I r. 11 l ' a» I . r.
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t he const r ai nt t hat t he t r aj ect or i es go t hr ough t he
f i t t ed ver t ex posi t i on) can be r educed t o an even f ast er
" si mpl e f i t " , whi ch onl y est i mat es t he ver t ex posi t i on
wi t hout r c- adj ust i ng t he t r ack par amet er s .

I n t hi s ar t i cl e, t he " f ul l " ver t ex f i t t i ng met hod i s

br i ef l y r evi ewed i n sect i on 2. The per i gee par amet r i za-
t i on of t r acks i s def i ned i n sect i on 3. The " si mpl e"
met hod f or ver t ex est i mat i on i s der i ved i n sect i on 4.
The t est has used si mul at ed t r acks f r om t he cent r al
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t r acki ng det ect or ( CTD) and t he ver t ex det ect or ( VXD)
of t he ZEUS exper i ment at DESY. Sect i on 5 expl ai ns
t he pr epar at i on of t he t est . Sect i on 6 gi ves t he t est
r esul t s. The concl usi ons ar e dr awn i n sect i on 7.

2. The " f ul l " ver t ex f i t t i ng al gor i t hm

The met hod [ 1] can be summar i zed as f ol l ows. The
char ged t r ack i i s char act er i zed by t he par amet er s
gi j ( j = 1 - 5) and t hei r wei ght mat r i x Wi ( = Ci ' , i . e .
t he i nver se of t he covar i ance mat r i x) at a r ef er ence
poi nt . The qi j ar e t he f unct i ons of t he ver t ex posi t i on
V- - - ( x  , y,  z, , ) and t he t r ack moment a pi  , ( m= 1 - 3)
at t he ver t ex, i . e. qi i = FJ( V, pi ) . The goal i s t o f i nd t he
Vand pi whi ch mi ni mi ze t he X2,

X2 = ~,&gi r wi Oqi ,
i

wher e
Oq; =gmeasur ed - F( V, Pi ) .
I f q; , wi t hi n measur ement er r or s,
t o var i at i ons 8Vand 8p; , i . e.
F( V° + 8V, po + 8p; ) =F( V° , p°) + D; 8V+ E; Sp; ,

( 2)
wher e 8V and bpi ar e var i at i ons ar ound f i r st appr oxi -
mat i ons V° and p°,

aFj ( v, pi )
( Di ) i n -

 

aV ,
n

aFj ( V, pi )
( Ej Jm=

 

, ( j =1- 5, n=1- 3, m=1- 3) ,
api .aPi m

t hen eq. ( 1) can be expr essed as

X2 = Y, ( 8qi - Di 8V- Ei 6Pi ) T
i
XW; ( 8q; - D; 8V- E; 8p; ) ,

wher e 8qi = g measur ed - RVO, p°) .
w. r . t . V, i . e . aX2/ aV= 0, we get

( Y, DTW; D; l 8V+ Y, ( DTw; E; ) 8p; = y, DTw, 8gi .

( 4)
Mi ni mi zi ng t he X2 w. r . t . pi , i . e . aX2/ ap, = 0, we get
( ETW; D; ) SV+ ( ETW; E; ) 8p; = ETWi bq, .
The above t wo equat i ons can be r ewr i t t en as

A8V+ F, B, ep, = T
t

BTôV+Ci sp, = t 1,
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ar e l i near l y r el at ed

Mi ni mi zi ng t he X2

wher e
A- - - 1: DTW; D; , B; - - - DTW; E; , Ci - - - ETW; E; ,

i
T=_ yDTW; 8q; , Ui == ETWi ôgi .

i
The sol ut i on f or ver t ex posi t i on i s

8V= ( A- FBi C; ' BT)

 

( T- r B; C; ' U; ) .

 

( 7)
i

 

i
Not i ce t hat

A- YBi Ci
' BT)i

i n eq. ( 7) i s j ust t he covar i ance mat r i x ( i . e . Cov( V, V) )
associ at ed t o 8V. Subst i t ut i ng 8V back i nt o eq. ( 6) , 8p;
and Cov( pi , p) as wel l as Cov( V, p, ) can be obt ai ned
[ 1] .

Eq. ( 6) may be wr i t t en i n a mat r i x f or mas
A B, B2 . . . Bn 6V T

B1 Ct 0

 

. . . 0 8p, U,
BT 0 C2 0

 

0 8P2 U2
0 - 0

8Pn

St andar d l east - squar es met hod f or ver t ex f i t t i ng r el i es
on i nver t i ng t hi s ( 3n +3) X( 3n + 3) mat r i x ( or a ( 4n +
3) x ( 4n + 3) mat r i x wher e mul t i pl e scat t er i ng i s con-
si der ed by i nt r oduci ng an ext r a par amet er f or each
t r ack [ 2] ) wi t h a number of oper at i ons pr opor t i onal t o
n3 ( wher e n i s t he number of t r acks) . I n cont r ast , our
met hod uses onl y smal l mat r i ces and t he comput i ng
t i me i s mer el y pr opor t i onal t o n ( as shown by t he
r esul t s i n sect i on 6) . Hence i t i s par t i cul ar l y sui t abl e t o
be appl i ed i n an envi r onment wi t h hi gh t r ack mul t i pl i c-
i t y .

Anot her advant age of our met hod emer ges when
compar ed wi t h t he ver t ex f i t t i ng met hod descr i bed i n
r ef . [ 2] : we handl e t he mul t i pl e scat t er i ng ( m/ s) onl y i n
t he pr el i mi nar y phase ( i . e . t he ext r apol at i on of t he
covar i ance mat r i x of t r acks t o t he ver t ex _r egi on_, t hi s i s
expl ai ned at t he end of sect i on 3) . As t hi s phase i s not
par t of t he ver t ex f i t t i ng pr ocedur e i t sel f , m/ s wi l l not
sl ow down t he ver t ex f i t t i ng at al l .

Not e al so t hat i f t he mat r i ces A, B; , C; , T and U;
ar e kept i n memor y, i t i s easy t o add a t r ack t o ( or t o
r emove a t r ack f r om) t he f i t t ed ver t ex, wi t hout t ot al
r e- comput at i on f r omt he begi nni ng [ 1] .

Mor eover , i n t hi s f or mal i sm i t i s easy t o i ncl ude
i nf or mat i on on t he i nt er sect i on r egi on ( i . e . t he beam
posi t i on and pr of i l e) f or t he pr i mar y ver t ex f i t . I f



b - - - ( x b, yb, zb) i s t he mean posi t i on of t hi s i nt er sec-
t i on and Cb i s i t s covar i ance mat r i x, one j ust needs t o
add ( V- b) TCb' ( V- b) t o t he X2 i n eq. ( 1) : t hi s gi ves
an addi t i onal t er mCh' t o t he mat r i x A, and Cb' ( b -
V° ) t o t he T i n eq. ( 6) . Thi s f eat ur e al l ows f or some
i nt er est i ng i mpl ement at i ons. For i nst ance, cal l i ng t he
ver t ex f i t t i ng r out i ne wi t h onl y one t r ack i s equi val ent
usi ng a const r ai nt on t hi s t r ack i n or der t o i mpr ove i t s
par amet er s ; i n t he case of t wo back- t o- back col l i near
t r acks, i t r emoves t he nondet er mi nat i on of t he ver t ex
posi t i on al ong t he t r ack di r ect i on.

3. The " per i gee" par amet r i zat i on q - - - ( E, zp, 8, op, p)
The ai mof t hi s par amet r i zat i on i s t o gi ve a pr eci se

and si mpl e descr i pt i on of t he t r aj ect or y i n t he nei gh-
bor hood of t he expect ed ver t ex . The ext r apol at i on of
t he measur ed t r acks t o t he ver t ex r egi on i s done once
and f or al l , and t he ver t ex f i t t i ng pr ocedur e ( whi ch may
be r epeat ed wi t h di f f er ent subset s of t r acks) uses onl y
a shor t r ange pr opagat i on.

We assume her eaf t er t he magnet i c f i el d t o be al ong
beamdi r ect i on ( i . e . t he z- axi s) ; we def i ne t he " per i gee"
P t o be t he poi nt of t he cl osest appr oach of t he
t r aj ect or y ( a hel i x) t o t he z- axi s . I f t he or i gi n O i s
chosen t o be ar ound t he i nt er act i on r egi on, t hi s poi nt
i s cl ose t o t he pr i mar y ver t ex and shor t - l i ved secondar y
ver t i ces . Fi g. 2 shows t he x- y pr oj ect i on, wher e t he
posi t i on of P i s def i ned t hr ough t he angl e ( Pp of t he
t r aj ect or y at P, and t he al gebr ai c val ue of E - - OP. By
convent i on, t he si gn of E i s posi t i ve i f t he angl e f r om
OP t o t he di r ect i on of t he t r ack i s +- r r / 2 ( or equi va-
l ent l y i f O i s at t he l ef t si de of t he t r aj ect or y) . The
descr i pt i on of P i n 3- D space i s compl et ed by t he

Fi g . 2. Def i ni t i on of t he per i gee par amet er s i n x - y pr oj ec-
t i on .
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coor di nat e z p , t he pol ar angl e 0 of t he t r aj ect or y wi t h
r espect t o z- axi s, and i t s si gned cur vat ur e p ( 1 / 1 p I i s
t he r adi us of t he cur vat ur e i n t he x- y pr oj ect i on, and
t he si gn of p i s posi t i ve i f t he t r aj ect or y i s ant i cl ock-
wi se) . Wi t h t hese convent i ons, t he t r aj ect or y may be
par amet r i zed ar ound P as :

L2
x =E si n Op +L cos ¢. -

 

2 si n ` Vp,

L
2
p= - EcosOp +Lsi nOp + cos( Ap ,2

z = z p + L cot 0,

wher e L i s a r unni ng par amet er ( i . e . t he di st ance f r om
P al ong t he t r aj ect or y i n t he x- y pr oj ect i on) . The
t er ms wi t h L2 ar e smal l i f L i s smal l w. r . t . t he r adi us of
cur vat ur e.

To use t hi s par amet r i zat i on, i . e . q= ( E, zp, 9, op,p) , i n t he ver t ex f i t , we need t o expr ess t hese par ame-
t er s as f unct i ons of t he ver t ex par amet er s: t he coor di -
nat es ( x,  y,  z, , ) of ver t ex V( see f i g. 2) and t he t r ack
par amet er s p = ( 0, 4f i v , p) at V. Not e t hat 9 and p do
not change when goi ng f r om V t o P. I f we i nt r oduce
t he quant i t i es Q- - - x, , cos 0, , +yv si n 0, , and R- - -
y cos O - x  si n t A , cal cul at i ons at f i r st or der i n p
gi ve:

E= - R- Q2Pl 2,
zp =z, , - Q( 1 - RP) cot 0,

 

( 10)
4~p =0, - QP.

Then t he mat r i ces of der i vat i ves ( at t he l owest or der ,
because t he hi gher pr eci si on on t hemi s not needed) i n
eqs . ( 2) - ( 6) have f or ms as :

a I / a- *

 

xY

 

y, ,

 

Z,

 

0

 

0"

 

P
E

 

s - c 0

 

0

 

Q- Q2/ 2
z p - t c- t s

 

1

 

- Q( 1 + t 2 ) - Rt

 

QRt

 

,

 

( 11)
op

 

- PC- PS 0

 

0

 

1

 

- Q
Dmat r i x

 

Emat r i x

wher e c = cos 0,  s - - - si n 0 , t - - = cot 0.
I f one want s t o f i t a secondar y ver t ex f ar away f r om

t he pr i mar y ver t ex ( e. g . t he l ong- l i ved par t i cl e decay) ,
t he " per i gee" par amet er s may be comput ed w. r . t . a
di spl aced or i gi n. The pr eci si on of t he par amet r i zat i on
i s accept abl e when t he ver t ex i s i n a r ange of about
15 - 20 mm( see sect i on 6) ar ound t he or i gi n chosen t o
comput e t he per i gee . Thus, f or most secondar y ver t i ces
cr eat ed by t he shor t - l i ved par t i cl es, t hey may be f i t t ed
by usi ng t he r econst r uct ed t r acks par amet r i zed wi t h
r espect t o t he mai n or i gi n wi t hout r e- par amet r i zat i on
wi t h r espect t o a shi f t ed or i gi n.

Let us al so r emar k t hat i t i s ver y easy t o comput e
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' Tangent

Fi g. 3. A par amet r i zat i on of t he 2- 13 ci r cul ar t r ack at t he
r ef er ence poi nt P.

t he i mpact par amet er Do i n x- y pr oj ect i on wi t h r e-
spect t o t he f i t t ed ver t ex, f r om( E, ( ~p) and ( x,  y, , ) :

Da =E- ( x  si n Op - y cos ` bP) .

 

( 12)

We now gi ve si mpl i f i ed expr essi ons t o pr opagat e
t he er r or mat r i x f r omt he r ef er ence poi nt ( see f i g . 1) t o
t he per i gee r egi on. I f t he or i gi nal t r ack par amet er s ar e
i n cyl i ndr i cal - p ol ar syst em, i . e . ( 0, z, 6, 0, p) at a f i xed
val ues of r = ~x 2 +y2 ( wher e 0 and 0 ar e t he angl es
of t he t angent s t o t he t r ack, r i s t he di st ance bet ween
t he or i gi n and t he r ef er ence poi nt , as shown i n f i g . 3
f or t he x- Y pr oj ect i on) , and i f E i s smal l wi t h r espect
t o r and r i s smal l wi t h r espect t o t he r adi us of
cur vat ur e, we have:

I n t hi s pr opagat i on, we assume t hat t he r adi us . r i s
i nsi de t he vacuumbeam- pi pe, so t hat no mul t i pl e scat -
t er i ng ( m/ s) occur s . I f t her e ar e some mat er i al s
( l ocat ed at r ' ) bet ween r and ver t ex, i t may be neces-
sar y f i r st t o pr opagat e

 

t r ack f r om r t o r ' and t o
i nci udc

 

i n/ s cont r i but i on of t he mat er i al s i nt o t he
covar i ance mat r i x; t hen t o ext r apol at e t he er r or mat r i x
t o t he ver t ex r egi on by appl yi ng eq. ( 13) wi t h subst i t u-
t i on of r by r ' .

/ Fast i vr t ex f i t t i ng

4. The " si mpl e" ver t ex Pt t i ng

By usi ng t he per i gee par amet r i zat i on, a si mpl er
al gor i t hm can be der i ved t o est i mat e t he ver t ex posi -
t i on wi t hout r e- f i t t i ng t he t r ack par amet er s . I n t hi s
al gor i t hm, t he var i at i on of t r ansver se er r or s al ong t he
t r ack i s negl ect ed i n t he nei ghbour hood of t he per i gee,
and p = ( 9, O , p) i s consi der ed t o be const ant . Thus
t he 5 x 5 covar i ance mat r i x C( whi ch i s t he i nver se of
Wi n eq. ( 1) ) i s r educed t o i t s 2 X2 submat r i x C'
cor r espondi ng t o t he var i abl es e and zp, and t he 5 X3
mat r i x Di n eq. ( 2) t o i t s 2 x 3 submat r i x D' whi ch i s
t he der i vat i ves of ( E, zp) w. r . t . ( x,  yv , z, , ) , i . e . t he f i r st
t wo r ows i n eq. ( 11) .

Let W' be t he i nver se of t he C' , and q' == ( e, zp) ,
t hen eqs . ( 2) and ( 3) can be r educed t o
F( j , o +SV, p°) =F( V° ,

 

) + D SV,

 

( 14)P°

X2=

 

( Sql ! - D; SV) TWi ' ( Sgi - D; SV) .

 

( 15)
i

The eqs. ( 4) and ( 7) become

( EDi ' TWi ' D; ) 8V= EDi TWi ' sgi

 

( 16)

i
SV= ( E,

Di Wi ' D

i ) -
( E, D, TW; ' Sgi ) - A- 1.

 

( 17)

I t i s conveni ent t o choose V° ( i . e . t he f i r st appr oxi -
mat i on of V) as t he or i gi n, hence SV= Vand Sqi = qi .
Let xpi = ( XP, yp, Zp) i t o be t he coor di nat es of t he
per i gee Pof t he t r ack i , t hen one sees t hat
xpi =Ei si n Opi
ypi _ - E, cos Opi } ,

 

ar x pi = D; - ' i .

 

( 18)
ZPi =ZPi

i f we l et wi = D, TWi ' D, , t hen t he eqs . ( 15) and ( 17) can
be r ewr i t t en as
X2= Lr

(
xpi - V) Twi ( xpi _V) , ( 19)

i

t

( 20)

The speed compar i son among di f f er ent al gor i t hms
ar e shown i n t abl e 1 . Thi s " si mpl e" met hod al so pr o-
vi des a means t o qui ckl y r ej ect t he t r acks whi ch may
not bel ong t o t he ver t ex. When sol vi ng V by eq. ( 20) ,
t he t wo f act or s i n t he r i ght hand si de can be st or ed;
t hen when cal cul at i ng t he X2, by eq. ( 19) , af t er havi ng
obt ai ned V, t he cont r i but i on t o t he X2 by eaci . i ndi vi d-
ual t r ack i can be exami ned. I f any t r ack ( say t he t r ack
k) woul d cont r i but e t oo much t o t he X2, t he ver t ex
coul d be r e- est i mat ed by subt r act i ng t he wk and wk xpk

aI / a- - ,
E

45

r

z

0 0
P

- r 2 V_
( ~w' ) ( ~w, xp, ) .- r / 2

ZP 0 1 - r / cos29 0 0 , ( 13)
t t

op 0 0 0 1 r The er r or mat r i x on V i s si mpl y ( Ewi ) - ' .
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Fi g. 4. At ypi cal event af t er ver t ex f i t i n x - y pr oj ect i on .

 

Fi g. 6. The same event i n y- z pr oj ect i on.
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Fi g. 5. Zoomvi ewof t he f i g. 4 i n t he ver t ex ar ea . The shadowed cr oss i ndi cat es t he l ocat i on of t he f i t t ed ver t ex and i t s er r or .
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f r om t he t wo st or ed f act or s of eq. ( 20) , wi t hout a
compl et e r e- cal cul at i on f r omt he begi nni ng .

I n t he same way as ment i oned at t he end of sect i on
2, t he i nf or mat i on of beamposi t i on can be i nt r oduced
by addi ng Cn' t o Eiwi and Ch' b t o ( E; w; x p; ) i n eq.
( 20) .

5. Test pr ocedur es

The t est i s under t aken i n t he envi r onment of ZEUS
det ect or at DESY. To si mpl i f y t he t est , onl y t wo maj or
component s ( i . e . VXDand CTD) of t he t r acki ng det ec-
t or s ar e i nvol ved. Bot h component s have t he cyl i ndr i -
cal conf i gur at i ons wi t h axes par al l el t o t he magnet i c
f i el d ( i . e . z- di r ect i on) . The out l i ne of t hese compo-
nent s can be seen f r om f i gs. 4 and 6. The VXD' s
di mensi ons ar e +975 mmand - 615 mmi n z . The
sensi t i ve r egi on i s f r om r = 106. 5 mmt o 139. 5 mm.
VXDdoes not measur e z . I t s r esol ut i on on r - O ( i . e .

i s 35 - 160 pmdependi ng on di gi t i zat i on di s-
t ance. The sensi t i ve r egi on of CTDr anges f r omr = 182
mmt o 794 mm, t he mi ddl e poi nt i s at r =488 mm.
Ther e ar e ni ne super l ayer s ( each super l ayer consi st s of
8 sense wi r es) i nsi de CTD, f our of t hemar e st er eo and
t he ot her s ar e axi al . The or _, of CTDi s about 110 p, m.
The st er eo l ayer s pr ovi de QZ of about 1 mm.

Thi s Mont e Car l o t est can be di vi ded i nt o f our st eps
as di scussed bel ow.

5. 1 . Event gener at i on

For si mpl i ci t y, onl y event s wi t h f i xed t r ack mul t i pl i c-
i t y ar e gener at ed, t hi s i s al so conveni ent f or t he t i mi ng
( i . e . t he speed) t est . The char ged t r ack mul t i pl i ci t y has
been chosen as 5, 10, 20 et c . The ¢ di st r i but i on of
t r acks i s r andomand t he event ver t ex i s l ocat ed at t he
or i gi n. The PT and pt ot di st r i but i on of t r acks ( f i g. 7)
ar e si mi l ar t o t he neut r al cur r ent event s at HERA
ener gy ( i . e . 30 Gev of el ect r on + 800 Gev of pr ot on)
wi t h Q2> 10 GeV2 as used i n r ef . [ 3] . The t r acki ng i s
under t aken i nsi de CTDand VXDonl y, and i n f or war d
r egi on onl y f or f ur t her si mpl i ci t y, so t he pol ar angl e 8
i s r est r i ct ed i n bet ween 37. 1 ° and 90 ° .

The mul t i pl e scat t er i ng ( m/ s) of mat er i al s ( e. g. t he
beampi pe, i nner and out er wal l s of VXD, i nner wal l of
CTD) can be t ur ned on or of f i n event gener at i on. The
maj or i t y of t he r esul t s shown i n next Ser t i nn i - l i . de
m/ s .

I n or der t o see how t he di spl acement of t he or i gi n
af f ect s t he ver t ex f i t t i ng qual i t y, a same set of event s
( wi t h t r ack mul t i pl i ci t y of 10) i s gener at ed wi t h t he
ver t ex shi f t ed f r omt he or i gi n ( 0, 0) at a f i xed di st ance

10 ^- 30 mm) ûi ong x- axi s. For t he t est t hat i ncl udes
t he beam pr of i l e i nf or mat i on, t he posi t i on ( wi t h t he
mean at ( 0, 0) ) of t he event ver t i ces ar e smear ed ac-
cor di ng t o t he HERAdesi gned pr of i l e ( i . e . o- ( x b) - 270
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400-

200-

Fi g. 7. pt ot and PT di st r i but i ons of t he si mul at ed t r acks .

Rm,

 

0' ( yb) - 80

 

Rm) . The

 

mat r i x Cb 1

 

i s set t o
di ag( 1/ a' ( xb) 2 , 1/ v' ( y b) 2 , 0) .

5. 2. Tr ack r econst r uct i on
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Pl ot Di st r i but i on ( Gev/ c)

5. 3. Per i gee par amet r i zat i on

Pl Di st r i but i on ( Gev/ c)

I nsi de VXD, t he appr oach t o get t he smear ed di gi -
t i zat i on poi nt s i s t he same as i n r ef . [ 3] . The t r acks ar e
r econst r uct ed by t he Kal man f i l t er i ng met hod de-
scr i bed i n r ef . [ 3] except t he t r ack f i ndi ng ef f i ci ency has
been assumed as 100%.

I nsi de CTD, t he r econst r uct ed t r acks ar e si mul at ed
t hr ough t he f ol l owi ng st eps.

( 1) The gener at ed t r acks ar e ext r apol at ed t o t he
mi ddl e poi nt of CTD, i . e . r = 488 mm.

( 2) An appr oxi mat ed er r or mat r i x at t he mi ddl e
poi nt i s const r uct ed by t he Gl uckst er n' s t echni cs [ 4] ,
see appendi x Af or det ai l s .

( 3) The t r ack par amet er s ar e smear ed accor di ng t o
t he above er r or mat r i x and t he CTD' s r esol ut i ons o- r _O
and v2. The smear i ng wi t h a cor r el at i on t er m i n t he
er r or mat r i x i s descr i bed i n appendi x A as wel l

( 4) The er r or mat r i x and t he smear ed par amet er s
ar e ext r apol at ed backwar ds t o t he posi t i on of t he l ast
poi nt of t he VXDt r ack, and mat ched wi t h VXDt r ack
t her e by nor Î l al i f ât i I I I I g ( vr l mt âi i ScTt ( c . g. i n r el. [ 3, .Ç7] ) .

The combi ned t r ack i s per i gee- par amet r i zed
( accor di ng t o t he def i ni t i ons i n sect i on 3) w. r . t . t he
or i gi n ( 0, 0) as t he f i r st appr oxi mat i on of t he ver t ex
posi t i on, even f or t he addi t i onal t est s ( i . e . t he shi f t of
t he ver t ex posi t i on and t he i ncl usi on of t hL beam
pr of i l e) ment i oned at t he end of subsect i on 5. 1 . The
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Fi g. 9. Devi at i on pl ot s i n cor r espondence wi t h t he f i g. 8.

par amet r i zat i on pr ocedur e i s coded as an " I nt er f ace"

 

associ at ed covar i ance mat r i ces . The out put s ar e t he
appear i ng i n t abl e 1 .

 

f i t t ed ver t ex posi t i on and i t s covar i ance mat r i x, X2 of
t he f i t and t he cont r i but i on of each t r ack ( denot ed as

5. 4. Ver t ex f i t t i ng

 

Xi ) .
The i nput s of t he " f ul l " f i t ar c t he same as t he

The i nput s of t he " si mpl e" ver t ex f i t t i ng pr ocedur e

 

" si mpl e" one pl us a f i r st appr oxi mat e ver t ex posi t i on
ar e t he number of t r acks, t hei r per i gee par amet er s and

 

whi ch can be t he out put of a " si mpl e" f i t or j ust t he
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Fi g. 10. Ver t ex f i t t i ng qual i t y of t he " si mpl e" f i t t i ng met hod
( i . e . wi t hout r e- f i t t i ng t he t r ack) .

or i gi n used i n t he per i gee par amet r i zat i on. The out -
put s ar e t he same as t he " si mpl e" f i t , but i ncl udi ng
al so t he r e- f i t t ed t r ack par amet er s and t hei r covar i ance
mat r i ces .

6. Test r esul t s

A ver t ex f i t i s meani ngf ul onl y when t he i nput
t r acks ar e r econst r uct ed cor r ect l y . The pul l pl ot s ( f i g .
8) show t he qual i t y of t he r econst r uct ed t r acks bef or e
t he ver t ex f i t t i ng . The pl ot s f or al l par amet er s ar e of
t he expect ed shape ( i . e . t he mean val ues ar e at 0 and
wi t h r . m. s . wi dt h of 1) . Fr omt he devi at i on pl ot s ( f i g . 9) ,
one can get a quant i t at i ve i dea about absol ut e val ue of
t he par amet er s when t ur ni ng on mul t i pl e scat t er i ng .

Fi g. 10 ar e t he pul l and devi at i on pl ot s f or t he f i t t ed
ver t ex posi t i on by t he " si mpl e" f i t t i ng met hod. For t he
" f ul l " f i t t i ng met hod, f i e 1 1' snows t he qual i t y of t he
f i t t ed vcr t cx; f i g . i Z shows t he qual i t y of t he r e- f i t t ed
t r acks. One can see a cl ear i mpr ovement by compar i ng
t hemwi t h f i g . 9, especi al l y i n 4¢. Anot her check on t he
qual i t y of t he ver t ex f i t t i ng i s t he di st r i but i on of t he
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Fi g . 11. Ver t ex f i t t i ng qual i t y of t he " f ul l " f i t t i ng met hod ( i . e .

pr obabi l i t y of X̀ ( f i g. 13) . I t s f l at ness i ndi cat es t he
f i t t i ng i s cr edi t abl e.

Fi g. 14 shows t he equi val ence of t he " si mpl e" and
" f ul l " f i t s as f ar as t he ver t ex posi t i on i s concer ned.
Fi gs . 4 and 5 ar e t he gr aphi c di spl ay f or a t ypi cal event
( wi t hout t ur ni ng on m/ s) i n t he x- y pr oj ect i on; f i g. 6
i s f or t he y- z pr oj ect i on .

The r esul t of t he t est f or t he or i gi n di spl acement i s
shown i n f i g . 15 . I t can be seen t hat , f or t he ver t i ces
apar t f r omt he or i gi n up t o about 15 mm, t he per i gee
par amet r i zat i on w. r . t . t he or i gi n can assur e a cor r ect
f i t . Fr om f i g. 16, one sees t he i mpr ovement on t he
pr eci si on of t 1, c vWsLG1l, . . . and t r ack! . vpr eci si on of f l i t . f i t t i ng by i ncl udi ng
t he i nf or mat i on of t he beam pr of i l e, especi al l y when
t r ack mul t i pl i ci t y i s l ow.

The speed i s compar ed i n t abl e 1. For t he met hod
wi t h l ar ge mat r i x i nver si on, onl y CPU t i me f or t he
i nver si on ( i . e . wi t hout i ncl udi ng any ot her oper at i on) i s
moni t or ed. For t he f ast met hods, t he col umn " I nt er -
f ace" i ndi cat es t he t i me spent i n t he per i gee
par amet r i zat i on . The absol ut e val ue of CPUt i me i s i n
VAX8800 comput er uni t .
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Fi g. 12 . Tr ack r e- f i t t i ng qual i t y by t he " f ul l " f i t t i ng met hod.

The f ast ver t ex f i t t i ng al gor i t hm wi t h t he per i gee
par amet r i zat i on per f or ms ver y wel l i n our t est . The
f ol l owi ng f eat ur es of t he met hod may be concl uded:

( 1) I t i s i ndeed f ast , especi al l y f or t he pr i mar y ver -
t ex wi t h hi gh t r ack mul t i pl i ci t y .

( 2) The f i t t i ng qual i t y i s qui t e good and can be
mai nt ai ned wi t hi n a r ange of 15 mmwi t hout need of
r e- par amet r i zat i on of t r acks . Al so t he easy i nt r oduc-
t i on of t he beampr of i l e can i mpr ove t he f i t t i ng qual i t y
f or t he pr i mar y ver t ex.
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Fi g. 14. Di f f er ence bet ween ver t ex posi t i ons obt ai ned by t he
" si mpl e" and " f ul l " f i t s .

( 3) Fr omt he f i t t i ng poi nt of vi ew, t he met hod can
be appl i ed t o ei t her pr i mar y or secondar y ver t i ces as
l ong as t he t r ack bundl i ng ( t o a pot ent i al ver t ex) has
been done.

( 4) I t al l ows t o per f or mt he t r ack addi t i on t o or t he
subt r act i on f r oma f i t t ed ver t ex wi t hout f ul l y r e- f i t t i ng.
Thi s may be used t o bui l d up a ver t ex f i ndi ng st r at egy
t hat separ at es t he pr i mar y and secondar y ver t i ces .

Ther ef or e t hi s al gor i t hm hopef ul l y pr ovi des an ef f i -
ci ent way f or ver t ex r econst r uct i on .

We wi sh t o t hank Dr . O. Couet f or t he hel p on t he
gr aphi c di spl ay by PAW; Dr . C. Wi l l i ams f or hi s gener -
ous hel p i n cor r ect i ng t he pr oof s; and al so Ms . K. Kang
f or t he hel p on t he wor d pr ocessi ng. The wor k has
been suppor t ed by t he LAAgr oup at CERN, l ed by
Pr of . A. Zi chi chi , and I NFN/ Fr ascat i of I t al y, we
woul d l i ke t o expr ess our si ncer e gr at i t ude t o t hem.
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Appendi x A

1
Pr - e =

(
r O, çb , 2R

t r ) '

W=

a. 2
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Est i mat i on of t he er r or mat r i x at t he mi ddl e poi nt of a
uni f or mdet ect or

Suppose a 2- D det ect or i s di vi ded i nt o 2N equi -
spaced sensi t i ve r egi on. The posi t i on of t he r egi on i i s
at x; =i b, wher e b = L/ N, i = - N- N, t he L i s t he
hal f - l engt h of t he det ect or ' s sensi t i ve ar ea. The r esol u-
t i on at each posi t i on i s Q. A2- D ci r cul ar t r ack can be
par amet r i zed wi t h

see f i g. 3. I t s symmet r i c wei ght mat r i x can be con-
st r uct ed as

2N 0

3N3b2

COV( Pr _O) =W- 1 =0- ,?O

9

3N3b2

0

SNsha

8N 0 8NL2
3

2NL2 0

45

wher e ENNx; and ENNx3 vani sh due t o t he ant i - sym-
met r i c f eat ur e of t he t er ms . The covar i ance mat r i x
COVi s t he i nver se of W, i . e .

8NV
( A. 2)

I nt er f ace
[ ms]

1. 0

 

2. 3

 

3. 7
1. 4

 

5. 2

 

8. 8
3. 1

 

11 . 5

 

13. 7

I n t he ZEUSCI Dcase, N= 36, L = 323 mm, ar _, =
110 p, m.

For a 3- D t r ack hel i xed al ong t he magnet i c f i el d
( i . e . t he z- axi s) wi t h a l ar ge r adi us of cur vat ur e, t he r - z
pr oj ect i on i s cl ose t o a st r ai ght l i ne. The COVf or t he
par amet er s pr . Z = ( z, cot 9) can be const r uct ed si mi -
l ar l y:

The er r or s on u t hus ar e

par amet er s i n pr _O t hen

0

3
2NL2
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( A. 3)

wher e NZ = 16 ( si nce t her e ar e onl y 32 st er eo wi r e
l ayer s i n CTD) , aZ =1 mm.

Si nce t her e i s a non- di agonal t er mi n eq. ( A. 2) , we
can no l onger smear t he par amet er s si mpl y onl y ac-
cor di ng t o t he di agonal t er ms . I n ot her wor ds, t he
cor r el at ed par amet er s can no l onger be smear ed i nde-
pendent l y . To t ake t he cor r el at i on bet ween t wo par am-
et er s ( say x and y) i nt o account , we may f or manot her
pai r of par amet er s u and c as

1 x( y

)
u = 2

 

+

 

and

 

L' =2

 

x
or -

y
~ ,

 

( A. 4)
X y

 

X y

so t hat t he u and v wi l l be i ndependent each ot her .

12 (
0, = 40, of

 

X +Y

 

=1 1+ ~XY 1,( -

1
Qû =2

 

1 -

 

3

 

= 0. 127322,

( A. 5)

wher e aX, , / ( QXa, , ) i s t he cor r el at i on t er mi n t he nor -
mal i zed covar i ance mat r i x, e. g . i t i s - vf5 / 3 i n t he
nor mal i zed COV

i n eq. ( A. 2) . I f we l et x and y bei ng t he t wo cor r el at ed

N
E1

N
Exi

N
Ex?

- N - N - N
N

Ex2
N

Fx3
- N - N

N

P. Bi l l oi r , SQi an / Fast ver t ex f i t t i ng

Tabl e 1
Ti mi ng compar i son

Tr ack Mat r i x i nver si on Fast met hods i n t hi s ar t i cl e
mul t i pl i ci t y Di mensi on CPUt i me " Si mpl e" f i t " Ful l " f i tof ver t ex of mat r i x [ ms] [ ms] [ ms]



150

and

2
(

1 +3/ =0. 872678.

 

( A. 6)
1

Ther ef or e t he smear i ngs of x and y can be done as
x = ( RANI q + RAN2a, ) ax +xO

= ( RANT x 0. 3568221 + RAN2 x0. 9341724) oß, +xo
y = ( RANl a - RAN2a, ) o, , +yo,

= ( RANT x 0. 3568221 - RAN2x 0. 9341724) a, , + y  ,

P. Bi l l oi r , S. Qi an / Fast ver t ex f i t t i ng

wher e RANI and RAN2 ar e i ndependent Gaussi an
di st r i but ed r andomnumber s.

Ref er ences
[ 1] P. Bi l l oi r , R. Fr ühwi r t h and M. Regl er , Nucl . l nst r . and

Met h. A241 ( 1985) 115.
[ 2] D. H. Saxon, Nucl . I nst r . and Met h. A234 ( 1985) 258.
[ 3] P. Bi l l oi r and S. Qi an, Nucl . I nst r . and Met h. A294 ( 1990)

219.
[ 4] R. L. Gl uckst er n, Nucl . I nst r . and Met h. 24 ( 1963) 381.
[ 5] S. Qi an, ZEUSNot e 90- 064 ( 1990) .


