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Physics-informed machine learning for accelerated modeling 
and optimization of complex systems

Supported by:



32k supercomputer nodes (IBM BG/P, 128k processors)
lines of code, ~20 PhD theses (1990-2010)O(106)

<latexit sha1_base64="aWD19d2etcI9wT8a+lF0v7FOQf0=">AAACCXicdVDLSgMxFM3UV62vqS7dBItQN8NMtdqCi4Ibd1awrdCOJZNm2tBkZkgyShn6BX6DW127E7d+hUv/xEwfYEUPBA7n3Ms9OV7EqFS2/WlklpZXVtey67mNza3tHTO/25RhLDBp4JCF4tZDkjAakIaiipHbSBDEPUZa3vAi9Vv3REgaBjdqFBGXo35AfYqR0lLXzHc4UgOMWHI1Ljr23elR1yzYVrVatssOnJLSnBxXoGPZExTADPWu+dXphTjmJFCYISnbjh0pN0FCUczIONeJJYkQHqI+aWsaIE6km0yij+GhVnrQD4V+gYIT9edGgriUI+7pyTSo/O2l4l9eO1Z+xU1oEMWKBHh6yI8ZVCFMe4A9KghWbKQJwoLqrBAPkEBY6bYWrnh8rDuZfxz+T5oly7Et5/qkUDuftZMF++AAFIEDzkANXII6aAAMHsATeAYvxqPxarwZ79PRjDHb2QMLMD6+AWNRmgE=</latexit><latexit sha1_base64="aWD19d2etcI9wT8a+lF0v7FOQf0=">AAACCXicdVDLSgMxFM3UV62vqS7dBItQN8NMtdqCi4Ibd1awrdCOJZNm2tBkZkgyShn6BX6DW127E7d+hUv/xEwfYEUPBA7n3Ms9OV7EqFS2/WlklpZXVtey67mNza3tHTO/25RhLDBp4JCF4tZDkjAakIaiipHbSBDEPUZa3vAi9Vv3REgaBjdqFBGXo35AfYqR0lLXzHc4UgOMWHI1Ljr23elR1yzYVrVatssOnJLSnBxXoGPZExTADPWu+dXphTjmJFCYISnbjh0pN0FCUczIONeJJYkQHqI+aWsaIE6km0yij+GhVnrQD4V+gYIT9edGgriUI+7pyTSo/O2l4l9eO1Z+xU1oEMWKBHh6yI8ZVCFMe4A9KghWbKQJwoLqrBAPkEBY6bYWrnh8rDuZfxz+T5oly7Et5/qkUDuftZMF++AAFIEDzkANXII6aAAMHsATeAYvxqPxarwZ79PRjDHb2QMLMD6+AWNRmgE=</latexit><latexit sha1_base64="aWD19d2etcI9wT8a+lF0v7FOQf0=">AAACCXicdVDLSgMxFM3UV62vqS7dBItQN8NMtdqCi4Ibd1awrdCOJZNm2tBkZkgyShn6BX6DW127E7d+hUv/xEwfYEUPBA7n3Ms9OV7EqFS2/WlklpZXVtey67mNza3tHTO/25RhLDBp4JCF4tZDkjAakIaiipHbSBDEPUZa3vAi9Vv3REgaBjdqFBGXo35AfYqR0lLXzHc4UgOMWHI1Ljr23elR1yzYVrVatssOnJLSnBxXoGPZExTADPWu+dXphTjmJFCYISnbjh0pN0FCUczIONeJJYkQHqI+aWsaIE6km0yij+GhVnrQD4V+gYIT9edGgriUI+7pyTSo/O2l4l9eO1Z+xU1oEMWKBHh6yI8ZVCFMe4A9KghWbKQJwoLqrBAPkEBY6bYWrnh8rDuZfxz+T5oly7Et5/qkUDuftZMF++AAFIEDzkANXII6aAAMHsATeAYvxqPxarwZ79PRjDHb2QMLMD6+AWNRmgE=</latexit><latexit sha1_base64="aWD19d2etcI9wT8a+lF0v7FOQf0=">AAACCXicdVDLSgMxFM3UV62vqS7dBItQN8NMtdqCi4Ibd1awrdCOJZNm2tBkZkgyShn6BX6DW127E7d+hUv/xEwfYEUPBA7n3Ms9OV7EqFS2/WlklpZXVtey67mNza3tHTO/25RhLDBp4JCF4tZDkjAakIaiipHbSBDEPUZa3vAi9Vv3REgaBjdqFBGXo35AfYqR0lLXzHc4UgOMWHI1Ljr23elR1yzYVrVatssOnJLSnBxXoGPZExTADPWu+dXphTjmJFCYISnbjh0pN0FCUczIONeJJYkQHqI+aWsaIE6km0yij+GhVnrQD4V+gYIT9edGgriUI+7pyTSo/O2l4l9eO1Z+xU1oEMWKBHh6yI8ZVCFMe4A9KghWbKQJwoLqrBAPkEBY6bYWrnh8rDuZfxz+T5oly7Et5/qkUDuftZMF++AAFIEDzkANXII6aAAMHsATeAYvxqPxarwZ79PRjDHb2QMLMD6+AWNRmgE=</latexit>

Finalist for the Gordon-Bell prize in supercomputing (2011, only US entry)

4 MW at $0.10/kWh is $400 an hour or about $3.5 million per year.
Simulation of one cardiac cycle took ~24hr

*Simulation credit: Leopold Grinberg (IBM)



Impressive computation, but still an approximation to the true underlying physics

Validity of results relies on accurate model calibration

Many sources of uncertainty: geometry, IC/BCs, rheology, material properties, etc.

parameters to be calibrated using clinical dataO(10� 102)
<latexit sha1_base64="jA8euuXZ8LO5FBtVh1sQfCwI8II=">AAACDHicdVDLSgMxFM3UV62v8bFzEyxCXThkqsUWXBTcuLOCrYV2LJk0bUMzD5KMUIf5Bb/Bra7diVv/waV/YqYPsKIHAodz7uWeHDfkTCqEPo3MwuLS8kp2Nbe2vrG5ZW7vNGQQCULrJOCBaLpYUs58WldMcdoMBcWey+mtO7xI/dt7KiQL/Bs1Cqnj4b7PeoxgpaWOudf2sBoQzOOrpGCjYxvdFY86Zh5ZlUoJlWw4IcUZOSlD20Jj5MEUtY751e4GJPKorwjHUrZsFConxkIxwmmSa0eShpgMcZ+2NPWxR6UTj9Mn8FArXdgLhH6+gmP150aMPSlHnqsn06zyt5eKf3mtSPXKTsz8MFLUJ5NDvYhDFcC0CthlghLFR5pgIpjOCskAC0yULmzuiuslupPZx+H/pFG0bGTZ16f56vm0nSzYBwegAGxwBqrgEtRAHRDwAJ7AM3gxHo1X4814n4xmjOnOLpiD8fENvX2aqQ==</latexit><latexit sha1_base64="jA8euuXZ8LO5FBtVh1sQfCwI8II=">AAACDHicdVDLSgMxFM3UV62v8bFzEyxCXThkqsUWXBTcuLOCrYV2LJk0bUMzD5KMUIf5Bb/Bra7diVv/waV/YqYPsKIHAodz7uWeHDfkTCqEPo3MwuLS8kp2Nbe2vrG5ZW7vNGQQCULrJOCBaLpYUs58WldMcdoMBcWey+mtO7xI/dt7KiQL/Bs1Cqnj4b7PeoxgpaWOudf2sBoQzOOrpGCjYxvdFY86Zh5ZlUoJlWw4IcUZOSlD20Jj5MEUtY751e4GJPKorwjHUrZsFConxkIxwmmSa0eShpgMcZ+2NPWxR6UTj9Mn8FArXdgLhH6+gmP150aMPSlHnqsn06zyt5eKf3mtSPXKTsz8MFLUJ5NDvYhDFcC0CthlghLFR5pgIpjOCskAC0yULmzuiuslupPZx+H/pFG0bGTZ16f56vm0nSzYBwegAGxwBqrgEtRAHRDwAJ7AM3gxHo1X4814n4xmjOnOLpiD8fENvX2aqQ==</latexit><latexit sha1_base64="jA8euuXZ8LO5FBtVh1sQfCwI8II=">AAACDHicdVDLSgMxFM3UV62v8bFzEyxCXThkqsUWXBTcuLOCrYV2LJk0bUMzD5KMUIf5Bb/Bra7diVv/waV/YqYPsKIHAodz7uWeHDfkTCqEPo3MwuLS8kp2Nbe2vrG5ZW7vNGQQCULrJOCBaLpYUs58WldMcdoMBcWey+mtO7xI/dt7KiQL/Bs1Cqnj4b7PeoxgpaWOudf2sBoQzOOrpGCjYxvdFY86Zh5ZlUoJlWw4IcUZOSlD20Jj5MEUtY751e4GJPKorwjHUrZsFConxkIxwmmSa0eShpgMcZ+2NPWxR6UTj9Mn8FArXdgLhH6+gmP150aMPSlHnqsn06zyt5eKf3mtSPXKTsz8MFLUJ5NDvYhDFcC0CthlghLFR5pgIpjOCskAC0yULmzuiuslupPZx+H/pFG0bGTZ16f56vm0nSzYBwegAGxwBqrgEtRAHRDwAJ7AM3gxHo1X4814n4xmjOnOLpiD8fENvX2aqQ==</latexit><latexit sha1_base64="jA8euuXZ8LO5FBtVh1sQfCwI8II=">AAACDHicdVDLSgMxFM3UV62v8bFzEyxCXThkqsUWXBTcuLOCrYV2LJk0bUMzD5KMUIf5Bb/Bra7diVv/waV/YqYPsKIHAodz7uWeHDfkTCqEPo3MwuLS8kp2Nbe2vrG5ZW7vNGQQCULrJOCBaLpYUs58WldMcdoMBcWey+mtO7xI/dt7KiQL/Bs1Cqnj4b7PeoxgpaWOudf2sBoQzOOrpGCjYxvdFY86Zh5ZlUoJlWw4IcUZOSlD20Jj5MEUtY751e4GJPKorwjHUrZsFConxkIxwmmSa0eShpgMcZ+2NPWxR6UTj9Mn8FArXdgLhH6+gmP150aMPSlHnqsn06zyt5eKf3mtSPXKTsz8MFLUJ5NDvYhDFcC0CthlghLFR5pgIpjOCskAC0yULmzuiuslupPZx+H/pFG0bGTZ16f56vm0nSzYBwegAGxwBqrgEtRAHRDwAJ7AM3gxHo1X4814n4xmjOnOLpiD8fENvX2aqQ==</latexit>

*Simulation credit: Leopold Grinberg (IBM)



✓ :
<latexit sha1_base64="BPIWXyKtrjM+oofb5wAzCfcRVpc=">AAAB/XicdVDLSgNBEJz1GeMr6tHLYBA8LbvRYCIeAl48RjAPSJYwO5kkQ2Zml5leISzBb/CqZ2/i1W/x6J84eYERLWgoqrrp7gpjwQ143qezsrq2vrGZ2cpu7+zu7ecODusmSjRlNRqJSDdDYpjgitWAg2DNWDMiQ8Ea4fBm4jcemDY8UvcwilkgSV/xHqcErNRow4ABuerk8p5bLhe9oo9npLAg5yXsu94UeTRHtZP7ancjmkimgApiTMv3YghSooFTwcbZdmJYTOiQ9FnLUkUkM0E6PXeMT63Sxb1I21KAp+rPiZRIY0YytJ2SwMD89ibiX14rgV4pSLmKE2CKzhb1EoEhwpPfcZdrRkGMLCFUc3srpgOiCQWb0NKWUI5tJovH8f+kXnB9z/XvLvKV63k6GXSMTtAZ8tElqqBbVEU1RNEQPaFn9OI8Oq/Om/M+a11x5jNHaAnOxzduGpZV</latexit><latexit sha1_base64="BPIWXyKtrjM+oofb5wAzCfcRVpc=">AAAB/XicdVDLSgNBEJz1GeMr6tHLYBA8LbvRYCIeAl48RjAPSJYwO5kkQ2Zml5leISzBb/CqZ2/i1W/x6J84eYERLWgoqrrp7gpjwQ143qezsrq2vrGZ2cpu7+zu7ecODusmSjRlNRqJSDdDYpjgitWAg2DNWDMiQ8Ea4fBm4jcemDY8UvcwilkgSV/xHqcErNRow4ABuerk8p5bLhe9oo9npLAg5yXsu94UeTRHtZP7ancjmkimgApiTMv3YghSooFTwcbZdmJYTOiQ9FnLUkUkM0E6PXeMT63Sxb1I21KAp+rPiZRIY0YytJ2SwMD89ibiX14rgV4pSLmKE2CKzhb1EoEhwpPfcZdrRkGMLCFUc3srpgOiCQWb0NKWUI5tJovH8f+kXnB9z/XvLvKV63k6GXSMTtAZ8tElqqBbVEU1RNEQPaFn9OI8Oq/Om/M+a11x5jNHaAnOxzduGpZV</latexit><latexit sha1_base64="BPIWXyKtrjM+oofb5wAzCfcRVpc=">AAAB/XicdVDLSgNBEJz1GeMr6tHLYBA8LbvRYCIeAl48RjAPSJYwO5kkQ2Zml5leISzBb/CqZ2/i1W/x6J84eYERLWgoqrrp7gpjwQ143qezsrq2vrGZ2cpu7+zu7ecODusmSjRlNRqJSDdDYpjgitWAg2DNWDMiQ8Ea4fBm4jcemDY8UvcwilkgSV/xHqcErNRow4ABuerk8p5bLhe9oo9npLAg5yXsu94UeTRHtZP7ancjmkimgApiTMv3YghSooFTwcbZdmJYTOiQ9FnLUkUkM0E6PXeMT63Sxb1I21KAp+rPiZRIY0YytJ2SwMD89ibiX14rgV4pSLmKE2CKzhb1EoEhwpPfcZdrRkGMLCFUc3srpgOiCQWb0NKWUI5tJovH8f+kXnB9z/XvLvKV63k6GXSMTtAZ8tElqqBbVEU1RNEQPaFn9OI8Oq/Om/M+a11x5jNHaAnOxzduGpZV</latexit><latexit sha1_base64="BPIWXyKtrjM+oofb5wAzCfcRVpc=">AAAB/XicdVDLSgNBEJz1GeMr6tHLYBA8LbvRYCIeAl48RjAPSJYwO5kkQ2Zml5leISzBb/CqZ2/i1W/x6J84eYERLWgoqrrp7gpjwQ143qezsrq2vrGZ2cpu7+zu7ecODusmSjRlNRqJSDdDYpjgitWAg2DNWDMiQ8Ea4fBm4jcemDY8UvcwilkgSV/xHqcErNRow4ABuerk8p5bLhe9oo9npLAg5yXsu94UeTRHtZP7ancjmkimgApiTMv3YghSooFTwcbZdmJYTOiQ9FnLUkUkM0E6PXeMT63Sxb1I21KAp+rPiZRIY0YytJ2SwMD89ibiX14rgV4pSLmKE2CKzhb1EoEhwpPfcZdrRkGMLCFUc3srpgOiCQWb0NKWUI5tJovH8f+kXnB9z/XvLvKV63k6GXSMTtAZ8tElqqBbVEU1RNEQPaFn9OI8Oq/Om/M+a11x5jNHaAnOxzduGpZV</latexit>

x :
<latexit sha1_base64="2QhUEt5Uz9AyScala0sksbVV2cM=">AAAB/XicdVDLSgNBEOyNrxhfUY9eBoPgadmNBhPxEPDiMYJ5QLKE2clsMmRmd5mZFcMS/AavevYmXv0Wj/6JkxcY0YKGoqqb7i4/5kxpx/m0Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyFtK6ZprTViwpFj6nTX94PfGb91QqFoV3ehRTT+B+yAJGsDZSs+OL9GF82c0XHLtSKTklF81IcUHOysi1nSkKMEetm//q9CKSCBpqwrFSbdeJtZdiqRnhdJzrJIrGmAxxn7YNDbGgykun547RiVF6KIikqVCjqfpzIsVCqZHwTafAeqB+exPxL6+d6KDspSyME01DMlsUJBzpCE1+Rz0mKdF8ZAgmkplbERlgiYk2CS1t8cXYZLJ4HP1PGkXbdWz39rxQvZqnk4UjOIZTcOECqnADNagDgSE8wTO8WI/Wq/Vmvc9aM9Z85hCWYH18A67Fln4=</latexit><latexit sha1_base64="2QhUEt5Uz9AyScala0sksbVV2cM=">AAAB/XicdVDLSgNBEOyNrxhfUY9eBoPgadmNBhPxEPDiMYJ5QLKE2clsMmRmd5mZFcMS/AavevYmXv0Wj/6JkxcY0YKGoqqb7i4/5kxpx/m0Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyFtK6ZprTViwpFj6nTX94PfGb91QqFoV3ehRTT+B+yAJGsDZSs+OL9GF82c0XHLtSKTklF81IcUHOysi1nSkKMEetm//q9CKSCBpqwrFSbdeJtZdiqRnhdJzrJIrGmAxxn7YNDbGgykun547RiVF6KIikqVCjqfpzIsVCqZHwTafAeqB+exPxL6+d6KDspSyME01DMlsUJBzpCE1+Rz0mKdF8ZAgmkplbERlgiYk2CS1t8cXYZLJ4HP1PGkXbdWz39rxQvZqnk4UjOIZTcOECqnADNagDgSE8wTO8WI/Wq/Vmvc9aM9Z85hCWYH18A67Fln4=</latexit><latexit sha1_base64="2QhUEt5Uz9AyScala0sksbVV2cM=">AAAB/XicdVDLSgNBEOyNrxhfUY9eBoPgadmNBhPxEPDiMYJ5QLKE2clsMmRmd5mZFcMS/AavevYmXv0Wj/6JkxcY0YKGoqqb7i4/5kxpx/m0Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyFtK6ZprTViwpFj6nTX94PfGb91QqFoV3ehRTT+B+yAJGsDZSs+OL9GF82c0XHLtSKTklF81IcUHOysi1nSkKMEetm//q9CKSCBpqwrFSbdeJtZdiqRnhdJzrJIrGmAxxn7YNDbGgykun547RiVF6KIikqVCjqfpzIsVCqZHwTafAeqB+exPxL6+d6KDspSyME01DMlsUJBzpCE1+Rz0mKdF8ZAgmkplbERlgiYk2CS1t8cXYZLJ4HP1PGkXbdWz39rxQvZqnk4UjOIZTcOECqnADNagDgSE8wTO8WI/Wq/Vmvc9aM9Z85hCWYH18A67Fln4=</latexit><latexit sha1_base64="2QhUEt5Uz9AyScala0sksbVV2cM=">AAAB/XicdVDLSgNBEOyNrxhfUY9eBoPgadmNBhPxEPDiMYJ5QLKE2clsMmRmd5mZFcMS/AavevYmXv0Wj/6JkxcY0YKGoqqb7i4/5kxpx/m0Miura+sb2c3c1vbO7l5+/6ChokQSWicRj2TLx4pyFtK6ZprTViwpFj6nTX94PfGb91QqFoV3ehRTT+B+yAJGsDZSs+OL9GF82c0XHLtSKTklF81IcUHOysi1nSkKMEetm//q9CKSCBpqwrFSbdeJtZdiqRnhdJzrJIrGmAxxn7YNDbGgykun547RiVF6KIikqVCjqfpzIsVCqZHwTafAeqB+exPxL6+d6KDspSyME01DMlsUJBzpCE1+Rz0mKdF8ZAgmkplbERlgiYk2CS1t8cXYZLJ4HP1PGkXbdWz39rxQvZqnk4UjOIZTcOECqnADNagDgSE8wTO8WI/Wq/Vmvc9aM9Z85hCWYH18A67Fln4=</latexit>

t :
<latexit sha1_base64="b22imFUGlXc+S9gzb08KHnbQhhE=">AAAB/XicdVDLSsNAFJ34rPVVdelmsAiuQlIttuKi4MZlBfuANpTJdNIOnUnCzI1QQvAb3Oranbj1W1z6J05fYEUPXDiccy/33uPHgmtwnE9rZXVtfWMzt5Xf3tnd2y8cHDZ1lCjKGjQSkWr7RDPBQ9YADoK1Y8WI9AVr+aObid96YErzKLyHccw8SQYhDzglYKRW15cpZFe9QtGxq9WyU3bxjJQW5LyCXduZoojmqPcKX91+RBPJQqCCaN1xnRi8lCjgVLAs3000iwkdkQHrGBoSybSXTs/N8KlR+jiIlKkQ8FT9OZESqfVY+qZTEhjq395E/MvrJBBUvJSHcQIspLNFQSIwRHjyO+5zxSiIsSGEKm5uxXRIFKFgElra4svMZLJ4HP9PmiXbdWz37qJYu56nk0PH6ASdIRddohq6RXXUQBSN0BN6Ri/Wo/VqvVnvs9YVaz5zhJZgfXwDqHGWeg==</latexit><latexit sha1_base64="b22imFUGlXc+S9gzb08KHnbQhhE=">AAAB/XicdVDLSsNAFJ34rPVVdelmsAiuQlIttuKi4MZlBfuANpTJdNIOnUnCzI1QQvAb3Oranbj1W1z6J05fYEUPXDiccy/33uPHgmtwnE9rZXVtfWMzt5Xf3tnd2y8cHDZ1lCjKGjQSkWr7RDPBQ9YADoK1Y8WI9AVr+aObid96YErzKLyHccw8SQYhDzglYKRW15cpZFe9QtGxq9WyU3bxjJQW5LyCXduZoojmqPcKX91+RBPJQqCCaN1xnRi8lCjgVLAs3000iwkdkQHrGBoSybSXTs/N8KlR+jiIlKkQ8FT9OZESqfVY+qZTEhjq395E/MvrJBBUvJSHcQIspLNFQSIwRHjyO+5zxSiIsSGEKm5uxXRIFKFgElra4svMZLJ4HP9PmiXbdWz37qJYu56nk0PH6ASdIRddohq6RXXUQBSN0BN6Ri/Wo/VqvVnvs9YVaz5zhJZgfXwDqHGWeg==</latexit><latexit sha1_base64="b22imFUGlXc+S9gzb08KHnbQhhE=">AAAB/XicdVDLSsNAFJ34rPVVdelmsAiuQlIttuKi4MZlBfuANpTJdNIOnUnCzI1QQvAb3Oranbj1W1z6J05fYEUPXDiccy/33uPHgmtwnE9rZXVtfWMzt5Xf3tnd2y8cHDZ1lCjKGjQSkWr7RDPBQ9YADoK1Y8WI9AVr+aObid96YErzKLyHccw8SQYhDzglYKRW15cpZFe9QtGxq9WyU3bxjJQW5LyCXduZoojmqPcKX91+RBPJQqCCaN1xnRi8lCjgVLAs3000iwkdkQHrGBoSybSXTs/N8KlR+jiIlKkQ8FT9OZESqfVY+qZTEhjq395E/MvrJBBUvJSHcQIspLNFQSIwRHjyO+5zxSiIsSGEKm5uxXRIFKFgElra4svMZLJ4HP9PmiXbdWz37qJYu56nk0PH6ASdIRddohq6RXXUQBSN0BN6Ri/Wo/VqvVnvs9YVaz5zhJZgfXwDqHGWeg==</latexit><latexit sha1_base64="b22imFUGlXc+S9gzb08KHnbQhhE=">AAAB/XicdVDLSsNAFJ34rPVVdelmsAiuQlIttuKi4MZlBfuANpTJdNIOnUnCzI1QQvAb3Oranbj1W1z6J05fYEUPXDiccy/33uPHgmtwnE9rZXVtfWMzt5Xf3tnd2y8cHDZ1lCjKGjQSkWr7RDPBQ9YADoK1Y8WI9AVr+aObid96YErzKLyHccw8SQYhDzglYKRW15cpZFe9QtGxq9WyU3bxjJQW5LyCXduZoojmqPcKX91+RBPJQqCCaN1xnRi8lCjgVLAs3000iwkdkQHrGBoSybSXTs/N8KlR+jiIlKkQ8FT9OZESqfVY+qZTEhjq395E/MvrJBBUvJSHcQIspLNFQSIwRHjyO+5zxSiIsSGEKm5uxXRIFKFgElra4svMZLJ4HP9PmiXbdWz37qJYu56nk0PH6ASdIRddohq6RXXUQBSN0BN6Ri/Wo/VqvVnvs9YVaz5zhJZgfXwDqHGWeg==</latexit>

Model parameters
Model inputs
Target quantities of interest

• High dimensional optimization
• Expensive, black-box loss function
• No gradients available

✓⇤ = argmin
✓

L(✓),
<latexit sha1_base64="Xsi+QvFSvEp3ODdqcg18BMkTeMY="></latexit><latexit sha1_base64="Xsi+QvFSvEp3ODdqcg18BMkTeMY="></latexit><latexit sha1_base64="Xsi+QvFSvEp3ODdqcg18BMkTeMY="></latexit><latexit sha1_base64="Xsi+QvFSvEp3ODdqcg18BMkTeMY="></latexit>
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Big data vs small data Dimensionality vs # of observations
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Can we solve this problem using surrogate models that are cheaper to compute?

*Simulation credit: Leopold Grinberg (IBM)



Situation
We have a few function evaluations

Where is the minimum of f?
Where should the take the next evaluation?

Optimization of expensive black-box functions

Where is the minimum of L(✓)?
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Where should we take our next evaluation?

How can we distill useful information from low-fidelity 
models to accelerate this process?
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Infinite model... but we always work with finite sets!

Let’s start with a multivariate Gaussian:

p(f1, f2, · · · , fs| {z }
fA

, fs+1, fs+2, · · · , fN| {z }
fB

) ⇠ N (µ,K).

with:

µ =


µA

µB

�
and K =


KAA KAB

KBA KBB

�

Marginalisation property:

p(fA, fB) ⇠ N (µ,K). Then:

p(fA) =

Z

fB

p(fA, fB)dfB = N (µA,KAA)

Marginalization:

Samples from a GP prior

Priors over functions:

468th APS-DFD Meeting — Calibration of Blood Flow Simulations

Construction of response surfaces

Work!ow: 
• Assign a Gaussian process (GP) prior over functions 
• Given a training set of observations (x,y) calibrate the  
GP hyper-parameters 
• Use the conditional posterior [f|y] to infer predictions  
for unobserved x’s with quanti!ed uncertainty
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Table 4.1: Summary of several commonly-used covariance functions. The covariances

are written either as a function of x and x0
, or as a function of r = |x � x0|. Two

columns marked ‘S’ and ‘ND’ indicate whether the covariance functions are stationary

and nondegenerate respectively. Degenerate covariance functions have finite rank, see

section 4.3 for more discussion of this issue.

stationary, isotropic covariance function that is valid in every Euclidean space
RD for D = 1, 2, . . .. Let ⌃(x) be a D ⇥ D matrix-valued function which
is positive definite for all x, and let ⌃i , ⌃(xi). (The set of Gibbs’ `i(x)
functions define a diagonal ⌃(x).) Then define the quadratic form

Qij = (xi � xj)>((⌃i + ⌃j)/2)�1(xi � xj). (4.33)

Paciorek and Schervish [2004] show that

kNS(xi,xj) = 2D/2|⌃i|1/4|⌃j |1/4|⌃i + ⌃j |�1/2kS(
p

Qij), (4.34)

is a valid non-stationary covariance function.

In chapter 2 we described the linear regression model in feature space f(x) =
�(x)>w. O’Hagan [1978] suggested making w a function of x to allow for
di↵erent values of w to be appropriate in di↵erent regions. Thus he put a
Gaussian process prior on w of the form cov(w(x),w(x0)) = W0kw(x,x0) for
some positive definite matrix W0, giving rise to a prior on f(x) with covariance
kf (x,x0) = �(x)>W0�(x0)kw(x,x0).

Finally we note that the Wiener process with covariance function k(x, x0) =
min(x, x0) is a fundamental non-stationary process. See section B.2.1 and textsWiener process

such as Grimmett and Stirzaker [1992, ch. 13] for further details.

4.2.4 Making New Kernels from Old

In the previous sections we have developed many covariance functions some of
which are summarized in Table 4.1. In this section we show how to combine or
modify existing covariance functions to make new ones.
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Figure 4.1: Panel (a): covariance functions, and (b): random functions drawn from

Gaussian processes with Matérn covariance functions, eq. (4.14), for di↵erent values of

⌫, with ` = 1. The sample functions on the right were obtained using a discretization

of the x-axis of 2000 equally-spaced points.

in D dimensions. Note that the scaling is chosen so that for ⌫ !1 we obtain
the SE covariance function e�r

2
/2`

2
, see eq. (A.25). Stein [1999] named this the

Matérn class after the work of Matérn [1960]. For the Matérn class the process
f(x) is k-times MS di↵erentiable if and only if ⌫ > k. The Matérn covariance
functions become especially simple when ⌫ is half-integer: ⌫ = p + 1/2, where
p is a non-negative integer. In this case the covariance function is a product
of an exponential and a polynomial of order p, the general expression can be
derived from [Abramowitz and Stegun, 1965, eq. 10.2.15], giving

k⌫=p+1/2(r) = exp
⇣
�
p

2⌫r

`

⌘ �(p + 1)
�(2p + 1)

pX

i=0

(p + i)!
i!(p� i)!

⇣p8⌫r

`

⌘p�i

. (4.16)

It is possible that the most interesting cases for machine learning are ⌫ = 3/2
and ⌫ = 5/2, for which
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since for ⌫ = 1/2 the process becomes very rough (see below), and for ⌫ � 7/2,
in the absence of explicit prior knowledge about the existence of higher order
derivatives, it is probably very hard from finite noisy training examples to
distinguish between values of ⌫ � 7/2 (or even to distinguish between finite
values of ⌫ and ⌫ ! 1, the smooth squared exponential, in this case). For
example a value of ⌫ = 5/2 was used in [Cornford et al., 2002].

Ornstein-Uhlenbeck Process and Exponential Covariance Function

The special case obtained by setting ⌫ = 1/2 in the Matérn class gives the exponential

exponential covariance function k(r) = exp(�r/`). The corresponding process

Supervised learning with GPs 
….i.e. y = f(x) + ε,  f~GP(μ,Σ)


fully non-parametric!Probability measure over functions: Gaussian Processes
Other choices: t-Student processes [Shah et al. 2013], Deep NN [Snoek et al., 2015].

Infinite-dimensional probability density, such that each linear
finite-dimensional restriction is multivariate Gaussian.

I Model f (x) ⇠ GP(µ(x), k(x , x 0)) is determined by the mean
function m(x) and covariance function k(x , x 0; ✓).

I Posterior mean µ(x ; ✓,D) and variance �(x ; ✓,D) can be
computed explicitly given a dataset D.

Probability measure over functions —> Gaussian proceses
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is positive definite for all x, and let ⌃i , ⌃(xi). (The set of Gibbs’ `i(x)
functions define a diagonal ⌃(x).) Then define the quadratic form
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Paciorek and Schervish [2004] show that

kNS(xi,xj) = 2D/2|⌃i|1/4|⌃j |1/4|⌃i + ⌃j |�1/2kS(
p

Qij), (4.34)
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In chapter 2 we described the linear regression model in feature space f(x) =
�(x)>w. O’Hagan [1978] suggested making w a function of x to allow for
di↵erent values of w to be appropriate in di↵erent regions. Thus he put a
Gaussian process prior on w of the form cov(w(x),w(x0)) = W0kw(x,x0) for
some positive definite matrix W0, giving rise to a prior on f(x) with covariance
kf (x,x0) = �(x)>W0�(x0)kw(x,x0).

Finally we note that the Wiener process with covariance function k(x, x0) =
min(x, x0) is a fundamental non-stationary process. See section B.2.1 and textsWiener process

such as Grimmett and Stirzaker [1992, ch. 13] for further details.

4.2.4 Making New Kernels from Old

In the previous sections we have developed many covariance functions some of
which are summarized in Table 4.1. In this section we show how to combine or
modify existing covariance functions to make new ones.
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Figure 4.1: Panel (a): covariance functions, and (b): random functions drawn from

Gaussian processes with Matérn covariance functions, eq. (4.14), for di↵erent values of

⌫, with ` = 1. The sample functions on the right were obtained using a discretization

of the x-axis of 2000 equally-spaced points.

in D dimensions. Note that the scaling is chosen so that for ⌫ !1 we obtain
the SE covariance function e�r
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Matérn class after the work of Matérn [1960]. For the Matérn class the process
f(x) is k-times MS di↵erentiable if and only if ⌫ > k. The Matérn covariance
functions become especially simple when ⌫ is half-integer: ⌫ = p + 1/2, where
p is a non-negative integer. In this case the covariance function is a product
of an exponential and a polynomial of order p, the general expression can be
derived from [Abramowitz and Stegun, 1965, eq. 10.2.15], giving
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It is possible that the most interesting cases for machine learning are ⌫ = 3/2
and ⌫ = 5/2, for which

k⌫=3/2(r) =
⇣
1 +

p
3r

`

⌘
exp

⇣
�
p

3r

`

⌘
,

k⌫=5/2(r) =
⇣
1 +

p
5r

`
+

5r2

3`2

⌘
exp

⇣
�
p

5r

`

⌘
,

(4.17)

since for ⌫ = 1/2 the process becomes very rough (see below), and for ⌫ � 7/2,
in the absence of explicit prior knowledge about the existence of higher order
derivatives, it is probably very hard from finite noisy training examples to
distinguish between values of ⌫ � 7/2 (or even to distinguish between finite
values of ⌫ and ⌫ ! 1, the smooth squared exponential, in this case). For
example a value of ⌫ = 5/2 was used in [Cornford et al., 2002].

Ornstein-Uhlenbeck Process and Exponential Covariance Function

The special case obtained by setting ⌫ = 1/2 in the Matérn class gives the exponential

exponential covariance function k(r) = exp(�r/`). The corresponding process

Workflow:

— Assign a Gaussian prior over functions

— Given a training set of data calibrate model parameters

— Use the posterior to make predictions 

with quantified uncertainty

f(x)

x x

f(x)

y = f(x) + ✏, f ⇠ GP(µ(x),K(x,x0; ✓))

History: 
• Wiener–Kolmogorov !ltering (1940) 
• Kriging (spatial statistics, 1970) 
• GP regression (machine learning, 1996) 

Rasmussen, C. E. Gaussian processes for machine learning 2006. 

Rasmussen, C.E. and Williams C. Gaussian processes for machine learning (2006) 

Posterior is also Gaussian!

p(fA, fB) ⇠ N (µ,K). Then:

p(fA|fB) = N (µA +KABK
�1
BB(fB � µB),KAA �KABK

�1
BBKBA)

In the GP context this can be used for inter/extrapolation:

p(f⇤|f1, · · · , fN ) = p(f(x⇤)|f(x1), · · · , f(xN )) ⇠ N
p(f⇤|f1, · · · , fN) = p(f(x⇤)|f(x1), · · · , f(xN ))

⇠ N (K>
⇤ K

�1f , K⇤,⇤ �K>
⇤ K

�1K⇤)

p(f(x⇤)|f(x1), · · · , f(xN )) is a posterior process!

Posterior is also Gaussian: 

Neural 
networks

Gaussian 
processes

Kernel 
machines

Infinite 
limit

Bayesian 
inference

Duality

Data-driven modeling with Gaussian processes



Multi-fidelity modeling



Multi-fidelity modeling



Multi-fidelity modeling



Multi-fidelity modeling



yH = fH(xH) + ✏H

yL = fL(xL) + ✏L

fH(x) = ⇢fL(x) + �(x)

fL(x) ⇠ GP(0, kL(x,x
0; ✓L))

�(x) ⇠ GP(0, kH(x,x0; ✓H))

✏L ⇠ N (0,�2
✏LI)

✏H ⇠ N (0,�2
✏H

I)

M.C Kennedy, and A. O'Hagan. Predicting the output from a complex computer code when fast approximations are available, 2000.

X =


xL

xH

�

Multi-fidelity observations:

Probabilistic model:

Training:

Prediction: p(f(x⇤)|y,X,x⇤) ⇠ N (f(x⇤)|µ(x⇤),�2(x⇤))

µ(x⇤) = k(x⇤,X)K�1y

�(x⇤) = k(x⇤,x⇤)� k(x⇤,X)K�1k(X,x⇤)

� log p(y|X, ✓L, ✓H , ⇢,�2
✏L
,�2

✏H
) =

1

2
log |K|+ 1

2
yTK�1y � NL +NH

2
log 2⇡

y =


yL

yH

�
⇠ N

✓
0
0

�
,


kL(xL,x0

L
; ✓L) + �2

✏L
I ⇢kL(xL,x0

H
; ✓L)

⇢kL(xH ,x0
L
; ✓L) ⇢2kL(xH ,x0

H
; ✓L) + kH(xH ,x0

H
; ✓H) + �2

✏H
I

�◆

Demo code: https://github.com/PredictiveIntelligenceLab/GPTutorial

Multi-fidelity modeling

https://github.com/PredictiveIntelligenceLab/GPTutorial


Bayesian optimization
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Goal: Calibrate a large-scale flow solver to match observed clinical data.

P. Perdikaris, and G.E Karniadakis. "Model inversion via multi-fidelity Bayesian optimization." J. R. Soc. Interface (2016)

Multi-fidelity approach:
1.) 3D Navier-Stokes (spectral/hp elements, rigid artery) - high fidelity O(hrs)
2.) Non-linear 1D-FSI (DG, compliant artery) - intermediate fidelity O(mins)
3.) Linearized 1D-FSI solver around a (possibly) inaccurate reference state - low fidelity O(s)

Example application: Calibration of blood flow simulations
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FIG. 5. MaN-MeN coupling: (a) Flow dynamics in the meso-vascular regime are modeled using nonlinear 1D blood flow
models in fractal arterial trees attached to each of the terminal vessels of the parent, patient-specific 3D domain.36 (b) Total
number of arteries in the resulting MaN-MeN topology as a function of the cut-o↵ radius rcut of the fractal trees.36 (c)
Exchanged quantities at the MaN-MeN interface and asynchronous time-stepping communication (�t3D: time step size
of the 3D-FSI solver, �t1D: time step size of the 1D-FSI solver, Qn

3D: flow-rate at the 3D outlet at time step n, Q̃n+1
3D :

extrapolated flow-rate at the 3D outlet, p: total pressure at the 1D inlet at time step n+1, du
dx : velocity gradient at the 1D

inlet at time step n+1). Reprinted with permission from P. Perdikaris, L. Grinberg, and G. E. Karniadakis, “An e↵ective
fractal-tree closure model for simulating blood flow in large arterial networks,” Ann. Biomed. Eng. 43, 1432–1442 (2014).
Copyright 2014 Springer.

Since 1D dynamics are governed by a hyperbolic system of PDEs, the 1D-FSI solver of each
fractal tree can only admit a single boundary constraint, which is typically the averaged mass
flow computed at the outlet of the parent 3D domain (see Fig. 5(c)). In return, each 1D-FSI
solver provides the pressure, velocity flux, and cross area displacement at the inlet of its fractal
tree, to be inscribed as outflow boundary conditions at the corresponding outlet of the parent
3D domain. The wave propagation nature of the 1D solver typically leads to a more pronounced
Courant-Friedrichs-Lewy stability restriction22 in time-stepping size compared to the one corre-
sponding to the 3D solver. Since this mandates each solver to march in time with a di↵erent time
step, we need to devise an asynchronous communication pattern that synchronizes the solution
between the two solvers accordingly (see Fig. 5(c)). Finally, we note that strong coupling between
the 3D and 1D domains may result either from an implicit monolithic solving approach55 or by
explicitly coupling di↵erent modular solvers by means of sub-iterations.53

2. MaN-MiN

Coupling of atomistic and continuum solvers requires the calculation and communication of
averaged properties, such as fluid velocity and density, across heterogeneous solver interfaces. First,
one needs to perform a proper non-dimensionalization of the corresponding time and length scales
of each solver to ensure consistency in the non-dimensional numbers that characterize the flow
(e.g., the Reynolds number). Then, interface conditions should be derived to respect the require-
ments of each solver. For example, atomistic solvers require a local velocity flux to be imposed at
each cell of the atomistic domain. This is achieved though constructing appropriate interpolation
and projection operators that are capable of mapping the continuum velocity field onto the atomistic
domain (see continuum to atomistic, C2A, operators in Figure 7). Specifically, to enforce mass
conservation, the continuum solver computes the fluxes through the surface interfaces with the DPD
domains, and particles as inserted in the DPD domain in such a way that these fluxes are preserved,
and the velocity vector of the DPD particles corresponds to the velocity sampled in the continuum
solver.

Similarly, the continuum solver requires the geometrical representation of moving boundaries
and flow “obstacles” arising due to aggregation of atomistic particles (e.g., thrombus formation)11

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:
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Decreased the relative error to 1e-3 after 3 
iterations of BO, mainly sampling the lowest 
fidelity (cheapest) solver. 



Costabal, F. S., Matsuno, K., Yao, J., Perdikaris, P., & Kuhl, E. (2019). Machine learning in drug development: Characterizing the effect of 30 drugs 
on the QT interval using Gaussian process regression, sensitivity analysis, and uncertainty quantification. Computer Methods in Applied 
Mechanics and Engineering, 348, 313-333.

Example application:
Assessing the risk of drug-induced 
cardiac arrhythmias
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We demonstrated that drugs that block a specific 
potassium current most drastically prolong the 
QT interval and are therefore associated with the 
highest risk of torsades de pointes.



35 design variables
B-MF: 735 LF + 120 HF runs
GA-LF: ~50,000 LF runs

Example application:
Shape optimization of 
super-cavitating hydrofoils

min
x2X

R0.9

✓
CD

CL
(x; ⇠)

◆

0.23  R0.5(CL(x; ⇠))  0.26

R0.5(Ix(x; ⇠)) � 8.1 · 10�6

R0.5(Tp(x; ⇠)) � 0.00132

s.t

Bonfiglio, L., Perdikaris, P., Brizzolara, S., & Karniadakis, G. E. (2018). Multi-fidelity optimization of super-cavitating hydrofoils. Computer Methods 
in Applied Mechanics and Engineering.



Likelihood-weighted Bayesian optimization

10 A. BLANCHARD AND T. SAPSIS

(AIC) or the Bayesian information criterion (BIC) at each iteration or less frequently if so
desired [51].

For a simple illustration of the benefits provided by the likelihood ratio, we consider the
Oakley–O’Hagan function [36]

(3.9a) f(x) = 5 + x1 + x2 + 2 cos(x1) + 2 sin(x2)

with x 2 [�4, 4]2 and px(x) = N (0, I), and the 2-D Michalewicz function

(3.9b) f(x) = � sin(x1) sin
20(x21/⇡)� sin(x2) sin

20(2x22/⇡)

with x 2 [0,⇡]2 and px(x) = N (0+⇡/2, 0.1I). For these functions, Figure 3.1 makes it visually
clear that the likelihood ratio gives more emphasis to the regions where the magnitude of the
objective function is unusually large and promotes points that have a large impact on the
output despite their probability of occurrence not being the largest. Figure 3.1 also shows
that w(x) can be approximated satisfactorily with a small number of Gaussian mixtures, a
key prerequisite for preserving algorithm e�ciency.

(a) Oakley–O’Hagan function

(b) Michalewicz function

Figure 3.1. From left to right: Contour plots of the objective function f(x), the input pdf px(x), the
likelihood ratio w(x) with f in place of µ in (3.1), and the GMM approximation of the likelihood ratio wGMM (x)
with two Gaussian mixtures.

We summarize our algorithm for computation of likelihood-weighted acquisition functions
in Algorithm 3.1. We note that by virtue of (3.7), the GMM step in Algorithm 3.1 is optional
for US-LW. However, it is useful to compare the performance of US-LW with and without the

xn+1 = argmin
x

↵(x;D) := µ(x)� �(x)
px(x)

pµ(µ(x))
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(d) 2-D Michalewicz function

(e) 6-D Hartmann function

(f) 10-D Michalewicz function

Figure 2: Performance of EI, PI, IVR(-BO), IVR-LW(BO) and LCB(-LW) for six benchmark
test functions.
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Figure 2: Performance of EI, PI, IVR(-BO), IVR-LW(BO) and LCB(-LW) for six benchmark
test functions.
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Key idea: Account for the importance of the output relative to the input.

• The likelihood ratio guides the search algorithm towards 
regions of the input space where the objective function 
assumes abnormally large (or small) values.

• Largest gains achieved when the objective function assumes 
rare and extreme (i.e., abnormally large or small) output 
values, i.e. the conditional pdf of the output pf|x is heavy- tailed.

• Currently limited to scalar-output GP priors and kernels with 
analytical gradients (RBF). 

Blanchard, A., & Sapsis, T. (2020). Bayesian Optimization with Output-Weighted Importance 
Sampling. arXiv preprint arXiv:2004.10599.

e.g. likelihood-weighted LCB acquisition function



Integrated software

BO
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A Bayesian optimization library in JAX
https://github.com/PredictiveIntelligenceLab/JAX-BO

Key features:
• Automatic differentiation
• Vectorization/Parallelization
• XLA/JIT compilation to GPUs/TPUs
• Support for arbitrary GP priors and deep neural networks
• Support for fully Bayesian inference with HMC-NUTS sampling (via NumPyro)
• Support for multi-fidelity GPs with heterogeneous inputs
• Support for likelihood-weighted acquisition functions for Bayesian optimization

Currently under final rounds of development - - let me know if you’d like to try it out and contribute!



The fine prints…

• Low-fidelity sources can be inaccurate, but they need to be strongly correlated with the high-fidelity data.

• Automating simulation pipelines is challenging (mesh generation, pre/post-processing, etc.)

• Failed/unstable experiments/simulations can introduce outliers and data bias.

• Dealing with heterogeneous inputs is not straightforward.

• Scaling to high-dimensions and large data-sets is (to some extend) possible, but not straightforward.

• Prior specification/kernel design plays a massively important role.

• How to best incorporate domain knowledge and physical constraints?

M. Raissi et al. / Journal of Computational Physics 335 (2017) 736–746 737

discretization uncertainty using Gaussian process priors. These developments are defining a new area of scientific research 
in which probabilistic machine learning and classical scientific computing coexist in unison, providing a flexible and general 
platform for Bayesian reasoning and computation. In this work, we exploit this interface by developing a novel Bayesian 
inference framework that enables learning from (noisy) data and equations in a synergistic fashion.

2. Problem setup

We consider general linear integro-differential equations of the form

Lxu(x) = f (x), (1)

where x is a D-dimensional vector that includes spatial or temporal coordinates, Lx is a linear operator, u(x) denotes an 
unknown solution to the equation, and f (x) represents the external force that drives the system. We assume that f L := f is 
a complex, expensive to evaluate, “black-box” function. For instance, f L could represent force acting upon a physical system, 
the outcome of a costly experiment, the output of an expensive computer code, or any other unknown function. We assume 
limited availability of high-fidelity data for f L , denoted by {xL, yL}, that could be corrupted by noise εL , i.e., yL = f L(xL) +εL . 
In many cases, we may also have access to supplementary sets of less accurate models f!, ! = 1, . . . , L − 1, sorted by 
increasing level of fidelity, and generating data {x!, y!} that could also be contaminated by noise ε! , i.e., y! = f!(x!) + ε! . 
Such data may come from simplified computer models, inexpensive sensors, or uncalibrated measurements. In addition, 
we also have a small set of data on the solution u, denoted by {x0, y0}, perturbed by noise ε0, i.e., y0 = u(x0) + ε0, 
sampled at scattered spatio-temporal locations, which we call anchor points to distinguish them from boundary or initial 
values. Although they could be located on the domain boundaries as in the classical setting, this is not a requirement in 
the current framework as solution data could be partially available on the boundary or in the interior of either spatial or 
temporal domains. Here, we are not primarily interested in estimating f . We are interested in estimating the unknown 
solution u that is related to f through the linear operator Lx . For example, consider a bridge subject to environmental 
loading. In a two-level of fidelity setting (i.e., L = 2), suppose that one could only afford to collect scarce but accurate 
(high-fidelity) measurements of the wind force f2(x) acting upon the bridge at some locations. In addition, one could also 
gather samples by probing a cheaper but inaccurate (low-fidelity) wind prediction model f1(x) at some other locations. How 
could this noisy data be combined to accurately estimate the bridge displacements u(x) under the laws of linear elasticity? 
What is the uncertainty/error associated with this estimation? How can we best improve that estimation if we can afford 
another observation of the wind force? Quoting Diaconis [4], “once we allow that we don’t know f , but do know some 
things, it becomes natural to take a Bayesian approach”.

3. Solution methodology

The basic building blocks of the Bayesian approach adopted here are Gaussian process (GP) regression [17,18] and auto-
regressive stochastic schemes [19,21]. This choice is motivated by the Bayesian non-parametric nature of GPs, their analytical 
tractability properties, and their natural extension to the multi-fidelity settings that are fundamental to this work. In par-
ticular, GPs provide a flexible prior distribution over functions, and, more importantly, a fully probabilistic workflow that 
returns robust posterior variance estimates which enable adaptive refinement and active learning [22–24]. The framework 
we propose is summarized in Fig. 1 and is outlined in the following.

Inspired by [19,21], we will present the framework considering two-levels of fidelity (i.e. L = 2), although generalization 
to multiple levels is straightforward. Let us start with the auto-regressive model u(x) = ρu1(x) + δ2(x), where δ2(x) and 
u1(x) are two independent Gaussian processes [17–19,21] with δ2(x) ∼ GP(0, g2(x, x′; θ2)) and u1(x) ∼ GP(0, g1(x, x′; θ1)). 
Here, g1(x, x′; θ1), g2(x, x′; θ2) are covariance functions, θ1, θ2 denote their hyper-parameters, and ρ is a cross-correlation 
parameter to be learned from the data (see Sec. 3.1). Then, one can trivially obtain

u(x) ∼ GP(0, g(x, x′; θ)), (2)

with g(x, x′; θ) = ρ2 g1(x, x′; θ1) + g2(x, x′; θ2), and θ = (θ1, θ2, ρ). The key observation here is that the derivatives and 
integrals of a Gaussian process are still Gaussian processes. Therefore, given that the operator Lx is linear, we obtain

f (x) ∼ GP(0,k(x, x′; θ)), (3)

with

k(x, x′; θ) = LxLx′ g(x, x′; θ). (4)

Similarly, we arrive at the auto-regressive structure f (x) = ρ f1(x) +γ2(x) on the forcing, where γ2(x) = Lxδ2(x), and f1(x) =
Lxu1(x) are consequently two independent Gaussian processes with γ2(x) ∼ GP(0, k2(x, x′; θ2)), f1(x) ∼ GP(0, k1(x, x′; θ1)). 
Furthermore, for ! = 1, 2, k!(x, x′; θ!) = LxLx′ g!(x, x′; θ!).
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Inspired by [19,21], we will present the framework considering two-levels of fidelity (i.e. L = 2), although generalization 
to multiple levels is straightforward. Let us start with the auto-regressive model u(x) = ρu1(x) + δ2(x), where δ2(x) and 
u1(x) are two independent Gaussian processes [17–19,21] with δ2(x) ∼ GP(0, g2(x, x′; θ2)) and u1(x) ∼ GP(0, g1(x, x′; θ1)). 
Here, g1(x, x′; θ1), g2(x, x′; θ2) are covariance functions, θ1, θ2 denote their hyper-parameters, and ρ is a cross-correlation 
parameter to be learned from the data (see Sec. 3.1). Then, one can trivially obtain

u(x) ∼ GP(0, g(x, x′; θ)), (2)

with g(x, x′; θ) = ρ2 g1(x, x′; θ1) + g2(x, x′; θ2), and θ = (θ1, θ2, ρ). The key observation here is that the derivatives and 
integrals of a Gaussian process are still Gaussian processes. Therefore, given that the operator Lx is linear, we obtain

f (x) ∼ GP(0,k(x, x′; θ)), (3)

with

k(x, x′; θ) = LxLx′ g(x, x′; θ). (4)

Similarly, we arrive at the auto-regressive structure f (x) = ρ f1(x) +γ2(x) on the forcing, where γ2(x) = Lxδ2(x), and f1(x) =
Lxu1(x) are consequently two independent Gaussian processes with γ2(x) ∼ GP(0, k2(x, x′; θ2)), f1(x) ∼ GP(0, k1(x, x′; θ1)). 
Furthermore, for ! = 1, 2, k!(x, x′; θ!) = LxLx′ g!(x, x′; θ!).
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a complex, expensive to evaluate, “black-box” function. For instance, f L could represent force acting upon a physical system, 
the outcome of a costly experiment, the output of an expensive computer code, or any other unknown function. We assume 
limited availability of high-fidelity data for f L , denoted by {xL, yL}, that could be corrupted by noise εL , i.e., yL = f L(xL) +εL . 
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returns robust posterior variance estimates which enable adaptive refinement and active learning [22–24]. The framework 
we propose is summarized in Fig. 1 and is outlined in the following.
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Similarly, we arrive at the auto-regressive structure f (x) = ρ f1(x) +γ2(x) on the forcing, where γ2(x) = Lxδ2(x), and f1(x) =
Lxu1(x) are consequently two independent Gaussian processes with γ2(x) ∼ GP(0, k2(x, x′; θ2)), f1(x) ∼ GP(0, k1(x, x′; θ1)). 
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e.g. linear constraints:

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2017). Inferring solutions of differential equations using noisy multi-fidelity data. Journal of 
Computational Physics, 335, 736-746.

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2017). Machine learning of linear differential equations using Gaussian processes. Journal of 
Computational Physics, 348, 683-693.
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FIGURE 5. Top left: At level `=1 n3 aggregates information from {n4, n5} and
n2 aggregates information {n5, n6}. At `= 2, n1 collects this summary informa-
tion from n3 and n2. Bottom left: This graph is not isomorphic to the top one,
but the activations of n3 and n2 at `= 1 will be identical. Therefore, at `= 2, n1
will get the same inputs from its neighbors, irrespective of whether or not n5 and
n7 are the same node or not. Right: Aggregation at different levels. For keeping
the figure legible only the neighborhood around one node in higher levels is
marked.

Proposition 3. If for any ⇡ 2 Sm, the f 7! R⇡(f) map appearing in Definition 6 is linear, then the

corresponding {R⇡}⇡2Sm matrices form a representation of Sm.

The representation theory of symmetric groups is a rich subject that goes beyond the scope of the
present paper (Sagan, 2001). However, there is one particular representation of Sm that is likely
familiar even to non-algebraists, the so-called defining representation, given by the P⇡ 2 Rn⇥n

permutation matrices

[P⇡]i,j =

⇢
1 if ⇡(j) = i

0 otherwise.
It is easy to verify that P⇡2⇡1 = P⇡2P⇡1 for any ⇡1,⇡2 2 Sm, so {P⇡}⇡2Sm is indeed a representa-
tion of Sm. If the transformation rules of the fi activations in a given comp-net are dictated by this
representation, then each fi must necessarily be a |Pi| dimensional vector, and intuitively each com-
ponent of fi carries information related to one specific atom in the receptive field, or the interaction
of that specific atom with all the others. We call this case first order permutation covariance.

Definition 7. We say that ni is a first order covariant node in a comp-net if under the permutation

of its receptive field Pi by any ⇡ 2 S|Pi|, its activation trasforms as fi 7! P⇡fi.

4.2. SECOND ORDER COVARIANT COMP-NETS

It is easy to verify that given any representation (Rg)g2G of a group G, the matrices (Rg⌦Rg)g2G

also furnish a representation of G. Thus, one step up in the hierarchy from P⇡–covariant comp-nets
are P⇡ ⌦P⇡–covariant comp-nets, where the fi feature vectors are now |Pi|2 dimensional vectors
that transform under permutations of the internal ordering by ⇡ as fi 7! (P⇡⌦P⇡)fi.

If we reshape fi into a matrix Fi 2R|Pi|⇥|Pi|, then the action
Fi 7! P⇡FiP

>
⇡

is equivalent to P⇡⌦P⇡ acting on fi. In the following, we will prefer this more intuitive matrix view,
since it clearly expresses that feature vectors that transform this way express relationships between
the different constituents of the receptive field. Note, in particular, that if we define A#Pi

as the
restriction of the adjacency matrix to Pi (i.e., if Pi = (ep1 , . . . , epm) then [A#Pi

]a,b = Apa,pb ), then
A#Pi

transforms exactly as Fi does in the equation above.
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1. Physics is implicitly 
baked in specialized 

neural architectures with 
strong inductive biases 

(e.g. invariance to simple 
group symmetries).

2. Physics is explicitly 
imposed by constraining 

the output of conventional 
neural architectures with 
weak inductive biases.

L(✓) := 1

Nu

NuX

i=1

[ui � f✓(xi)]
2

| {z }
Data fit

+
1

�
R[f✓(x)]

| {z }
Physics regularization
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*figures from Kondor, R., Son, H. T., Pan, H., Anderson, B., & Trivedi, S. (2018). Covariant 
compositional networks for learning graphs. arXiv preprint arXiv:1801.02144.

DEEPXDE 3

element-wisely, the FNN is recursively defined as follows:

input layer: N 0(x) = x 2 Rdin ,

hidden layers: N `(x) = �(W `N `�1(x) + b`) 2 RN` , for 1  `  L� 1,

output layer: NL(x) = WLNL�1(x) + bL 2 Rdout ;

see also a visualization of a neural network in Figure 1. Commonly used activation
functions include the logistic sigmoid 1/(1+ e�x), the hyperbolic tangent (tanh), and
the rectified linear unit (ReLU, max{x, 0}).

2.2. Physics-informed neural networks for solving PDEs. We consider
the following PDE parameterized by � for the solution u(x) with x = (x1, . . . , xd)
defined on a domain ⌦ ⇢ Rd:

(2.1) f

✓
x;

@u

@x1
, . . . ,

@u

@xd
;

@2u

@x1@x1
, . . . ,

@2u

@x1@xd
; . . . ;�

◆
= 0, x 2 ⌦,

with suitable boundary conditions

B(u,x) = 0 on @⌦,

where B(u,x) could be Dirichlet, Neumann, Robin, or periodic boundary conditions.
For time-dependent problems, we consider time t as a special component of x, and
⌦ contains the temporal domain. The initial condition can be simply treated as a
special type of Dirichlet boundary condition on the spatio-temporal domain.

x

t

�

�

...

�

�

�

...

�

û

NN(x, t;✓)
@
@t

@2

@x2

@û
@t � �@2û

@x2

PDE(�)

I

@
@n

û(x, t)� gD(x, t)

@û
@n (x, t)� gR(u, x, t)

BC & IC

Loss ✓⇤

Tf

Tb

Minimize

Fig. 1. Schematic of a PINN for solving the di↵usion equation @u
@t = � @2u

@x2 with mixed boundary

conditions (BC) u(x, t) = gD(x, t) on �D ⇢ @⌦ and @u
@n (x, t) = gR(u, x, t) on �R ⇢ @⌦. The initial

condition (IC) is treated as a special type of boundary conditions. Tf and Tb denote the two sets of
residual points for the equation and BC/IC.

The algorithm of PINN [19, 30] is shown in Procedure 2.1, and visually in the

schematic of Figure 1 solving a di↵usion equation @u
@t = �@2u

@x2 with mixed boundary
conditions u(x, t) = gD(x, t) on �D ⇢ @⌦ and @u

@n (x, t) = gR(u, x, t) on �R ⇢ @⌦. We
explain each step as follows. In a PINN, we first construct a neural network û(x;✓)
as a surrogate of the solution u(x), which takes the input x and outputs a vector with
the same dimension as u. Here, ✓ = {W `, b`}1`L is the set of all weight matrices
and bias vectors in the neural network û. One advantage of PINNs by choosing neural

Psichogios & Ungar, 1992
Lagaris et. al., 1998
Raissi et. al., 2019

Lu et. al., 2019
Zhu et. al., 2019

Physics of AI: Two schools of thought



General formulation of PINNs

ut +Nx[u] = 0, x 2 ⌦, t 2 [0, T ]

u(x, 0) = h(x), x 2 ⌦

u(x, t) = g(x, t), t 2 [0, T ], x 2 @⌦
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r✓(x, t) :=
@

@t
f✓(x, t) +Nx[f✓(x, t)]
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We proceed by approximating u(x, t) by a deep neural network f✓(x, t), and
define the residual of the PDE as
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Physics-informed neural networks (PINNs) aim at inferring a continuous latent
function u(x, t) that arises as the solution to a system of nonlinear partial
di↵erential equations (PDE) of the general form
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The corresponding loss function is given by

L(✓) := Lu(✓)| {z }
Data fit

+ Lr(✓)| {z }
PDE residual

+Lu0(✓)| {z }
ICs fit

+Lub(✓)| {z }
BCs fit
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Training via stochastic gradient descent:

✓n+1 = ✓n � ⌘r✓L(✓n)
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*all gradients are computed 
via automatic differentiation

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward 
and inverse problems involving nonlinear partial differential equations. Journal of Computational Physics, 378, 686-707.

Psichogios, D. C., & Ungar, L. H. (1992). A hybrid neural network-first principles approach to process modeling.

Lagaris, I. E., Likas, A., & Fotiadis, D. I. (1998). Artificial neural networks for solving ordinary and partial differential equations.



the viscosity parameters, Burgers’ equation can lead to shock formation that
is notoriously hard to resolve by classical numerical methods. In one space
dimension, the Burger’s equation along with Dirichlet boundary conditions
reads as

ut + uux � (0.01/⇡)uxx = 0, x 2 [�1, 1], t 2 [0, 1], (3)

u(0, x) = � sin(⇡x),

u(t,�1) = u(t, 1) = 0.

Let us define f(t, x) to be given by

f := ut + uux � (0.01/⇡)uxx,

and proceed by approximating u(t, x) by a deep neural network. To highlight
the simplicity in implementing this idea we have included a Python code
snippet using Tensorflow [16]; currently one of the most popular and well
documented open source libraries for machine learning computations. To
this end, u(t, x) can be simply defined as

def u(t, x):

u = neural_net(tf.concat([t,x],1), weights, biases)

return u

Correspondingly, the physics informed neural network f(t, x) takes the form

def f(t, x):

u = u(t, x)

u_t = tf.gradients(u, t)[0]

u_x = tf.gradients(u, x)[0]

u_xx = tf.gradients(u_x, x)[0]

f = u_t + u*u_x - (0.01/tf.pi)*u_xx

return f

The shared parameters between the neural networks u(t, x) and f(t, x) can
be learned by minimizing the mean squared error loss

MSE = MSEu +MSEf , (4)

5
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Figure 1: Burgers’ equation: Top: Predicted solution u(t, x) along with the initial and

boundary training data. In addition we are using 10,000 collocation points generated using

a Latin Hypercube Sampling strategy. Bottom: Comparison of the predicted and exact

solutions corresponding to the three temporal snapshots depicted by the white vertical

lines in the top panel. The relative L2 error for this case is 6.7 ·10
�4

. Model training took

approximately 60 seconds on a single NVIDIA Titan X GPU card.

ical law through the collocation points Nf , one can obtain a more accurate
and data-e�cient learning algorithm.1 Finally, table 2 shows the resulting
relative L2 for di↵erent number of hidden layers, and di↵erent number of
neurons per layer, while the total number of training and collocation points
is kept fixed to Nu = 100 and Nf = 10, 000, respectively. As expected, we
observe that as the number of layers and neurons is increased (hence the
capacity of the neural network to approximate more complex functions), the

1
Note that the case Nf = 0 corresponds to a standard neural network model, i.e., a

neural network that does not take into account the underlying governing equation.
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Physics as a prior in deep learning

L(✓) := 1

Nu

NuX

i=1

[ui � f✓(xi)]
2

| {z }
Data fit

+
1

�
R[f✓(x)]

| {z }
Physics regularization
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Recent results showcase remarkable promise, but failure looms even for the simplest problems…

Example: Helmholtz equation in 2D.

�u(x, y) + k2u(x, y) = q(x, y), (x, y) 2 ⌦ := (�1, 1)

u(x, y) = h(x, y), (x, y) 2 @⌦

where � is the Laplace operator.
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20% error in the prediction of a fully-connected, 4-layer deep PINN model

An “unconventional” regularizer/prior that requires
us to revisit standard deep learning practices:
• loss function
• network initialization
• data normalization
• optimization
• network architecture

Despite some empirical success, we are still lacking 
a rigorous mathematical understanding on when, 
why and how physics-informed constraints can be 
effective in regularizing deep learning models.



Understanding the training dynamics of PINNs

• Explore the connection between deep neural networks and kernel regression methods to 
elucidate the training dynamics of deep learning models.

• At initialization, fully-connected networks are equivalent to Gaussian processes in the infinite-
width limit.

• The evolution of an infinite-width network during training can also be described by another 
kernel, the so-called Neural Tangent Kernel (NTK).

Key concepts:

Lee, J., Bahri, Y., Novak, R., Schoenholz, S. S., Pennington, J., & Sohl-Dickstein, J. (2017). Deep neural networks as Gaussian processes.

Jacot, A., Gabriel, F., & Hongler, C. (2018). Neural tangent kernel: Convergence and generalization in neural networks. In Advances in neural 
information processing systems (pp. 8571-8580).



Neural Tangent Kernel for PINNs

Model Problem: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.
(27)

We proceed by approximating the solution u(x) by a fully-connected neural

network denoted by u(x,✓) with one hidden layer:

u(x,✓) =
1p
N

W (1) · �(W (0)x+ b(0)) + b(1) (28)

Then

uxx(x,✓) =
1p
N

W (1) ·
h
�̈(W (0)x+ b(0))�W (0) �W (0)

i
(29)
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Theorem: Assume that the activation function � is smooth and has a

bounded second order derivative �̈. Then for a fully-connected neural network

of one hidden layer at initialization,

u(x,✓)
D�! GP(0,⌃(1)(x, x0)) (30)

uxx(x,✓)
D�! GP(0,⌃(1)

xx (x, x
0)), (31)

as N ! 1, where D means convergence in distribution and

⌃(1)
xx (x, x

0) = E
u,v⇠N (0,1)

h
u4�̈(ux+ v)�̈(ux0 + v)

i
. (32)
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PINNs converge to GPs at the infinite-width limit for linear PDEs

• By induction this result can 
be generalized to arbitrary 
deep fully-connected 
architectures and any linear 
PDE operator.

• Opens up a path for 
studying approximation 
accuracy and convergence 
rate of PINNs in the 
associated RKHS.
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Consider the gradient flow:

d✓

dt
= �rL(✓), (24)

Lemma: Given the data points {xi
b, g(x

i
b)}

Nb
i=1, {xi

r, f(x
i
r)}Nr

i=1, we have

"
du(xb,✓(t))

dt
dLu(xr,✓(t))

dt

#
= �


Kuu(t) Kur(t)
Kru(t) Krr(t)

�
·

u(xb,✓(t))� g(xb)
Lu(xr,✓(t))� f(xr)

�
, (25)

where Kru(t) = KT
ur(t) and Kuu(t) 2 RNb⇥Nb , Kur(t) 2 RNb⇥Nr , and

Krr(t) 2 RNr⇥Nr whose (i, j)-th entry is given by

(Kuu)ij(t) =
Ddu(xi

b,✓(t))

d✓
,
du(xj

b,✓(t))

d✓

E

(Kur)ij(t) =
Ddu(xi

b,✓(t))

d✓
,
dLu(xj

r,✓(t))

d✓

E

(Krr)ij(t) =
DdL(xi

r,✓(t))

d✓
,
dL(xj

r,✓(t))

d✓

E

(26)
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The Neural Tangent Kernel (NTK) of PINNs

*this ODE system holds for any differential operator and any neural network architecture.
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The NTK of PINNs and its evolution under gradient descent

Neural Tangent Kernel for PINNs

Recall

"
du(xb,✓(t))

dt
duxx(xr,✓(t))

dt

#
= �


Kuu(t) Kur(t)
Kru(t) Krr(t)

�
·


u(xb,✓(t))� g(xb)
uxx(xr,✓(t))� f(xr)

�
,

Theorem: For a physics-informed network with one hidden layer at

initialization, and in the limit as the layer’s width N ! 1, the NTK K(t) of

the PINNs model defined in equation above converges in probability to a

deterministic limiting kernel, i.e,

K(0) =


Kuu(0) Kur(0)
Kru(0) Krr(0)

�
!

"
⇥(1)

uu ⇥(1)
ur

⇥(1)
ru ⇥(1)

rr

#
:= K⇤, (33)
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Model Problem: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.
(27)

We proceed by approximating the solution u(x) by a fully-connected neural

network denoted by u(x,✓) with one hidden layer:

u(x,✓) =
1p
N

W (1) · �(W (0)x+ b(0)) + b(1) (28)

Then

uxx(x,✓) =
1p
N

W (1) ·
h
�̈(W (0)x+ b(0))�W (0) �W (0)

i
(29)

Neural Tangent Kernel for PINNs

Model Problem:

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.

Loss function:

L(✓) = Lb(✓) + Lr(✓)

=
1

2

NbX

i=1

|u(xi
b,✓)� g(xi

b)|2 +
1

2

NrX

i=1

|r(xi
r,✓)|2.

For the model problem, with a fully-connected neural network of one hidden

layer, consider minimizing the loss function above by gradient descent with an

infinitesimally small learning rate. For any T > 0 satisfying some suitable

assumptions, we have

lim
N!1

sup
t2[0,T ]

kK(t)�K(0)k2 = 0 (34)
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Combine

K(0) =


Kuu(0) Kur(0)
Kru(0) Krr(0)

�
!

"
⇥(1)

uu ⇥(1)
ur

⇥(1)
ru ⇥(1)

rr

#
= K⇤, N ! 1

with

lim
N!1

sup
t2[0,T ]

kK(t)�K(0)k2 = 0

We conclude that, for sufficient wide fully-connected neural network of one

hidden layer at any random initialization, the NTK of PINNs satisfies

K(t) ⇡ K(0) ⇡ K⇤, 8t 2 [0, T ]

Neural Tangent Kernel for PINNs

Numerical Experiment 1: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.

Solution: u(x) = sin(x)

(a) (b) (c)

Figure: (1D Poisson equation): (a) (b) The relative change of parameters ✓ and the NTK of

PINNs K obtained by training a fully-connected neural network with one hidden layer and

different widths (10, 100, 500) via 10, 000 iterations of full-batch gradient descent with a learning

rate of 10�5
. (c) The eigenvalues of the NTK K at initialization and at the last step of training

(n = 10, 000, width= 500).
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Numerical Experiment 2: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.

Solution: u(x) = sin(x)

(a) (b) (c)

Figure: (1D Poisson equation): (a) (b) The relative change of parameters ✓ and the NTK of

PINNs K obtained by training a fully-connected neural network with three hidden layers and

different widths (10, 100, 500) via 10, 000 iterations of full-batch gradient descent with a learning

rate of 10�5
. (c) The eigenvalues of the NTK K at initialization and at the last step of training

(n = 10, 000, width= 500).

One hidden layer

Three hidden layers

*in practice the NTK quickly 
converges to a deterministic kernel 
that remains constant during 
training for any neural architecture 
and any PDE operator.
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Model Problem: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.
(27)

We proceed by approximating the solution u(x) by a fully-connected neural

network denoted by u(x,✓) with one hidden layer:

u(x,✓) =
1p
N

W (1) · �(W (0)x+ b(0)) + b(1) (28)

Then
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W (1) ·
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Furthermore, we obtain

"
du(xb,✓(t))

dt
duxx(xr,✓(t))

dt

#
= �K(t) ·


u(xb,✓(t))� g(xb)

uxx(xr,✓(t))� f(xr)

�

⇡ �K⇤ ·


u(xb,✓(t))� g(xb)
uxx(xr,✓(t))� f(xr).

�
.

Assumption: If K⇤
is invertible, then


u(xtest,✓(t))
uxx(xtest,✓(t))

�
⇡ K⇤

test(K
⇤)�1

⇣
I � e�K⇤t

⌘
·

g(xb)
f(xr)

�
, (35)

Letting t ! 1 gives


u(xtest,✓(1))
uxx(xtest,✓(1))

�
⇡ K⇤

test(K
⇤)�1 ·


g(xb)
f(xr)

�
. (36)
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Numerical Experiment 1: 1D Poisson’s equation

uxx(x) = f(x), 8x 2 [0, 1]

u(x) = g(x), x = 0, 1.

Solution: u(x) = sin(⇡x)

(a) (b) (c)

Figure: (1D Poisson equation): (a) (b) The relative change of parameters ✓ and the NTK of

PINNs K obtained by training a fully-connected neural network with one hidden layer and

different widths (10, 100, 500) via 10, 000 iterations of full-batch gradient descent with a learning

rate of 10�5
. (c) The eigenvalues of the NTK K at initialization and at the last step of training

(n = 10, 000, width= 500).

NTK spectrum at initialization, and after 
10,000 gradient descent steps

• From our experience, the NTK of 
PINNs is always degenerate, hence 
we may not be able to casually 
perform kernel regression predictions 
in practice.

• Additional regularization may help in 
obtaining an invertible NTK.



A PREPRINT - JULY 30, 2020

Here we provide some intuition behind the proof. The crucial observation is that all parameters of the network change
little during training (see Lemma D.2 in the Appendix). By intuition, for sufficient wide neural networks, any slight
movement of weights would contribute to a non-negligible change in the network output. As a result, the gradients of
the outputs u(x,✓) and uxx(x,✓) with respect to parameters barely change (see Lemma D.4), and, therefore, the kernel
remains almost static during training.

Combining Theorem 4.3 and Theorem 4.4 we may conclude that, for the model problem of equation 4.1, we have

K(t) ⇡ K(0) ⇡ K⇤, 8t,

from which (and equation 3.8) we immediately obtain
"

du(xb,✓(t))
dt

duxx(xr,✓(t))
dt

#
= �K(t) ·


u(xb,✓(t))� g(xb)

uxx(xr,✓(t))� f(xr)

�
⇡ �K⇤


u(xb,✓(t))� g(xb)

uxx(xr,✓(t))� f(xr).

�
. (4.9)

Note that if the matrix K⇤ is invertible, then according to [40, 31], the network’s outputs u(x,✓) and uxx(x,✓) can be
approximated for any arbitrary test data xtest after t steps of gradient descent as


u(xtest,✓(t))
uxx(xtest,✓(t))

�
⇡ K⇤

test(K
⇤)�1

⇣
I � e�K⇤t

⌘
·


g(xb)
f(xr)

�
, (4.10)

where Ktest is the NTK matrix between all points in xtest and all training data. Letting t ! 1, we obtain


u(xtest,✓(1))
uxx(xtest,✓(1))

�
⇡ K⇤

test(K
⇤)�1

·


g(xb)
f(xr)

�
.

This implies that, under the assumption that K⇤ is invertible, an infinitely wide physics-informed neural network for
model problem 4.1 is also equivalent to a kernel regression. However, from the authors’ experience, the NTK of PINNs
is always degenerate (see Figures 2c, 3c) which means that we may not be able to casually perform kernel regression
predictions in practice.

5 Spectral bias in physics-informed neural networks

In this section, we will utilize the developed theory to investigate whether physics-informed neural networks are
spectrally biased. The term “spectral bias" [29, 41, 32] refers to a well known pathology that prevents deep fully-
connected networks from learning high-frequency functions.

Since the NTK of PINNs barely changes during training, we may rewrite equation 4.9 as
"

du(xb,✓(t))
dt

duxx(xr,✓(t))
dt

#
⇡ �K(0)


u(xb,✓(t))� g(xb)

uxx(xr,✓(t))� f(xr)

�
, (5.1)

which leads to
"

du(xb,✓(t))
dt

duxx(xr,✓(t))
dt

#
⇡

⇣
I � e�K(0)t

⌘
·


g(xb)
f(xr)

�
. (5.2)

As mentioned in remark 3.3, the NTK of PINNs is also positive semi-definite. So we can take its spectral decomposition
K(0) = QT⇤Q, where Q is an orthogonal matrix and ⇤ is a diagonal matrix whose entries are the eigenvalues �i � 0
of K(0). Consequently, the training error is given by

"
du(xb,✓(t))

dt
duxx(xr,✓(t))

dt

#
�


g(xb)
f(xr)

�
⇡

⇣
I � e�K(0)t

⌘
·


g(xb)
f(xr)

�
�


g(xb)
f(xr)

�

⇡ �QT e�⇤tQ ·


g(xb)
f(xr)

�
,

which is equivalent to

Q

 "
du(xb,✓(t))

dt
duxx(xr,✓(t))

dt

#
�


g(xb)
f(xr)

�!
⇡ �e�⇤tQ ·


g(xb)
f(xr)

�
. (5.3)
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the outputs u(x,✓) and uxx(x,✓) with respect to parameters barely change (see Lemma D.4), and, therefore, the kernel
remains almost static during training.

Combining Theorem 4.3 and Theorem 4.4 we may conclude that, for the model problem of equation 4.1, we have

K(t) ⇡ K(0) ⇡ K⇤, 8t,

from which (and equation 3.8) we immediately obtain
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Note that if the matrix K⇤ is invertible, then according to [40, 31], the network’s outputs u(x,✓) and uxx(x,✓) can be
approximated for any arbitrary test data xtest after t steps of gradient descent as
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where Ktest is the NTK matrix between all points in xtest and all training data. Letting t ! 1, we obtain
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This implies that, under the assumption that K⇤ is invertible, an infinitely wide physics-informed neural network for
model problem 4.1 is also equivalent to a kernel regression. However, from the authors’ experience, the NTK of PINNs
is always degenerate (see Figures 2c, 3c) which means that we may not be able to casually perform kernel regression
predictions in practice.

5 Spectral bias in physics-informed neural networks

In this section, we will utilize the developed theory to investigate whether physics-informed neural networks are
spectrally biased. The term “spectral bias" [29, 41, 32] refers to a well known pathology that prevents deep fully-
connected networks from learning high-frequency functions.
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As mentioned in remark 3.3, the NTK of PINNs is also positive semi-definite. So we can take its spectral decomposition
K(0) = QT⇤Q, where Q is an orthogonal matrix and ⇤ is a diagonal matrix whose entries are the eigenvalues �i � 0
of K(0). Consequently, the training error is given by
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• The eigenvalues of the NTK 
characterize how fast the absolute 
training error decreases. 

• Components of the target function 
that correspond to NTK eigenvectors 
with larger eigenvalues will be learned 
faster. 

• For fully-connected networks, the 
eigenvectors corresponding to higher 
eigenvalues of the NTK matrix 
generally exhibit lower frequencies.

• In practice, we observe that the 
eigenvalues of the NTK of PINNs 
decay rapidly.  This results in 
extremely slow convergence to the 
high-frequency components of the 
target function. 
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Figure 1: Model problem (1D Poisson equation): The eigenvalues of K,Kuu and Krr at initialization in descending
order for different fabricated solutions u(x) = sin(a⇡x) where a = 1, 2, 4.

where �b and �r are some hyper-parameters which may be tuned manually or automatically by utilizing the back-
propagated gradient statistics during training [28]. Here, the training data {xi

b, g(x
i
b)}

Nb
i=1 and {xi

r, f(x
i
b) may

correspond to the full data-batch or mini-batches that are randomly sampled at each iteration of gradient descent.

Similar to the proof of Lemma 3.1, we can derive the dynamics of the outputs u(x,✓) and u(x,✓) corresponding to the
above loss function as

"
du(xb,✓(t))

dt
dLu(xr,✓(t))

dt

#
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�b
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(6.3)

:= fK(t) ·


u(xb,✓(t))� g(xb)
Lu(xr,✓(t))� f(xr)

�
, (6.4)

where Kuu,Kur and Krr are defined to be the same as in equation 3.9. From simple stability analysis of a gradient
descent (i.e. forward Euler [44]) discretization of above ODE system, the maximum learning rate should be less than or
equal to 2/�max(fK(t)). Also note that an alternative mechanism for controlling stability is to increase the batch size,
which effectively corresponds to decreasing the learning rate. Recall that the current setup in the main theorems put
forth in this work holds for the model problem in equation 4.1 and fully-connected networks of one hidden layer with
an NTK parameterization. This implies that, for general nonlinear PDEs, the NTK of PINNs may not remain fixed
during training. Nevertheless, as mentioned in Remark 3.4, we emphasize that, given an infinitesimal learning rate,
equation 6.3 holds for any network architecture and any differential operator. Similarly, the singular values of NTK
fK(t) determine the convergence rate of the training error using singular value decomposition, since fK(t) may not
necessarily be semi-positive definite. Therefore, we can still understand the training dynamics of PINNs by tracking
their NTK fK(t) during training, even for general nonlinear PDE problems.

A key observation here is that the magnitude of �b,�r, as well as the size of mini-batch would have a crucial impact
on the singular values of fK(t), and, thus, the convergence rate of the training error of u(xb,✓) and Lu(xr,✓). For
instance, if we increase �b and fix the batch size Nb, Nr and the weight �r, then this will improve the convergence rate
of u(xb,✓). Furthermore, in the sense of convergence rate, changing the weights �b or �r is equivalent to changing the
corresponding batch size Nb, Nr. Based on these observations, we can overcome the discrepancy between Kuu and Krr

discussed in section 5 by calibrating the weights or batch size such that each component of of u(xr,✓) and Lu(xr,✓)
has similar convergence rate in magnitude. Since manipulating the batch size may involve extra computational costs
(e.g., it may result to prohibitively very large batches), here we fix the batch size and just consider adjusting the weights
�b or �r according to Algorithm 1.

First we remark that the updates in equations 6.5 and 6.6 can either take place at every iteration of the gradient descent
loop, or at a frequency specified by the user (e.g., every 10 gradient descent steps). To compute the sum of eigenvalues,
it suffices to compute the trace of the corresponding NTK matrices, which can save some computational resources.
Besides, we point out that the computation of the NTK K(t) is associated with the training data points fed to the
network at each iteration, which means that the values of the kernel are not necessarily same at each iteration. However,
if we assume that all training data points are sampled from the same distribution and the change of NTK at each iteration
is negligible, then the computed kernel should be approximately equal up to a permutation matrix. As a result, the
change of eigenvalues of K(t) at each iteration is also negligible and thus the training process of Algorithm 1 should
be stable. In section 7.2, we performed detailed numerical experiments to validate the effectiveness of the proposed
algorithm.
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Figure 1: Model problem (1D Poisson equation): The eigenvalues of K,Kuu and Krr at initialization in descending
order for different fabricated solutions u(x) = sin(a⇡x) where a = 1, 2, 4.
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Discrepancy of convergence rate in PINNs loss functions

Beyond the spectral bias of fully-connected architectures, PINNs also suffer from a remarkable 
discrepancy of convergence rate in the different components of their loss function: 
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This implies that the i-th component of the left hand side in equation 5.3 will decay approximately at the rate e��it.
In other words, the eigenvalues of the kernel characterize how fast the absolute training error decreases. Particularly,
components of the target function that correspond to kernel eigenvectors with larger eigenvalues will be learned faster.
For fully-connected networks, the eigenvectors corresponding to higher eigenvalues of the NTK matrix generally exhibit
lower frequencies [29, 42, 32]. From Figure 1, one can observe that the eigenvalues of the NTK of PINNs decay rapidly.
This results in extremely slow convergence to the high-frequency components of the target function. Thus we may
conclude that PINNs suffer from the spectral bias either.

More generally, the NTK of PINNs after t steps of gradient descent is given by

K(t) =


Kuu(t) Kur(t)
Kru(t) Krr(t)

�
=


Ju(t)
Jr(t)

� ⇥
JT
u (t),JT

r (t)
⇤
= J(t)JT (t).

It follows that
Nb+NrX

i=1

�i(t) = Tr (K(t)) = Tr
�
J(t)JT (t)

�
= Tr

�
JT (t)J(t)

�

= Tr
�
JT
u (t)Ju(t) + JT

r (t)Jr(t)
�
= Tr

�
Ju(t)J

T
u (t)

�
+ Tr

�
Jr(t)J

T
r (t)

�

=
NbX

i=1

�uu
i (t) +

NrX

i=1

�rr
i (t),

where �i(t),�uu
i (t) and �rr

i (t) denote the eigenvalues of K(t),Kuu(t) and Krr(t), respectively. This reveals that
the overall convergence rate of the total training error is characterized by the eigenvalues of Kuu and Krr together.
Meanwhile, the separate training error of u(xb,✓) and uxx(xr,✓) is determined by the eigenvalues of Kuu and Krr,
respectively. The above observation motivates us to give the following definition.
Definition 5.1. For a positive semi-definite kernel matrix K 2 Rn⇥n

, the average convergence rate c is defined as the

mean of all its eigenvalues �i’s, i.e.

c =

Pn
i=1 �i

n
=

Tr(K)

n
. (5.4)

In particular, for any two kernel matrices K1,K2 with average convergence rate c1 and c2 respectively, we say that

K1 dominates K2 if c1 � c2.

As a concrete example, we train a fully-connected neural network with one hidden layer and 100 neurons to solve the
model problem 7.1 with a fabricated solution u(x) = sin(a⇡x) for different frequency amplitudes a. Figure 1 shows
all eigenvalues of K,Kuu and Krr at initialization in descending order. As with conventional deep fully-connected
networks, the eigenvalues of the PINNs’ NTK decay rapidly and most of the eigenvalues are near zero. Moreover, the
distribution of eigenvalues of K looks similar for different frequency functions (different a), which may heuristically
explain that PINNs tend to learn all frequencies almost simultaneously, as observed in Lu et. al. [43].

Another key observation here is that the eigenvalues of Krr are much greater than Kuu, namely Krr dominates Kuu

by definition 5.1. As a consequence, the PDE residual converges much faster than fitting the PDE boundary conditions,
which may prevent the network from approximating the correct solution. From the authors’ experience, high frequency
functions typically lead to high eigenvalues in Krr, but in some cases Kuu can dominate Krr. We believe that such a
discrepancy between Kuu and Krr is one of the key fundamental reasons behind why PINNs can often fail to train and
yield accurate predictions. In light of this evidence, in the next section, we describe a practical technique to address this
pathology by appropriately assigning weights to the different terms in a PINNs loss function.

6 Practical insights

In this section, we consider gerenal PDEs of the form 3.1 - 3.2 by leveraging the NTK theory we developed for PINNs.
We approximate the latent solution u(x) by a fully-connected neural network u(x,✓) with multiple hidden layers, and
train its parameters ✓ by minimizing the following composite loss function

L(✓) = Lb(✓) + Lr(✓) (6.1)

=
�b

2Nb

NbX

i=1

|u(xi
b,✓)� g(xi

b)|
2 +

�r

2Nr

NrX

i=1

|r(xi
r,✓)|

2, (6.2)
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• The eigenvalues of Krr are much greater than Kuu, namely Krr dominates Kuu by definition 5.1. 

• As a consequence, the PDE residual converges much faster than fitting the PDE boundary conditions, 
which may prevent the network from approximating the correct solution 

General formulation of PINNs

ut +Nx[u] = 0, x 2 ⌦, t 2 [0, T ]

u(x, 0) = h(x), x 2 ⌦

u(x, t) = g(x, t), t 2 [0, T ], x 2 @⌦
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r✓(x, t) :=
@

@t
f✓(x, t) +Nx[f✓(x, t)]
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We proceed by approximating u(x, t) by a deep neural network f✓(x, t), and
define the residual of the PDE as
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Physics-informed neural networks (PINNs) aim at inferring a continuous latent
function u(x, t) that arises as the solution to a system of nonlinear partial
di↵erential equations (PDE) of the general form
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The corresponding loss function is given by

L(✓) := Lu(✓)| {z }
Data fit

+ Lr(✓)| {z }
PDE residual

+Lu0(✓)| {z }
ICs fit

+Lub(✓)| {z }
BCs fit
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Training via stochastic gradient descent:

✓n+1 = ✓n � ⌘r✓L(✓n)
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*all gradients are computed 
via automatic differentiation

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward 
and inverse problems involving nonlinear partial differential equations. Journal of Computational Physics, 378, 686-707.
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Algorithm 1: Adaptive weights for physics-informed neural networks
Consider a physics-informed neural network u(x,✓) with parameters ✓ and a loss function

L(✓) := �bLb(✓) + �rLr(✓),

where Lr(✓) denotes the PDE residual loss and Lr(✓) corresponds to boundary conditions. �b = �r = 1 are free
parameters used to overcome the discrepancy between Kuu and Krr. Then use S steps of a gradient descent
algorithm to update the parameters ✓ as:

for n = 1, . . . , S do

(a) Compute �b and �r by

�b =

PNr+Nb

i=1 �i(n)PNb

i=1 �
uu
i (n)

=
Tr(K(n))

Tr(Kuu(n))
(6.5)

�r =

PNr+Nb

i=1 �i(n)PNr

i=1 �
rr
i (n)

=
Tr(K(n))

Tr(Krr(n))
(6.6)

where �i(n),�uu
i and �rr

i (n) are eigenvalues of K(n),Kuu(n),Krr(n) at n-th iteration.
(b) Update the parameters ✓ via gradient descent

✓n+1 = ✓n � ⌘r✓L(✓n) (6.7)

end

Here we also note that, in previous work, Wang et. al. introduced an alternative empirical approach for automatically
tuning the weights �b or �r with the goal of balancing the magnitudes of the back-propagated gradients originating from
different terms in a PINNs loss function. While effective in practice, this approach lacked any theoretical justification
and did not provide a deeper insight into the training dynamics of PINNs. In contrast, the approach presented here
follows naturally from the NTK theory derived in section 4, and aims to trace and tackle the the pathological convergence
behavior of PINNs at its root.

7 Numerical Experiments

In this section, we provide a series of numerical studies that aim to validate our theory or access the performance of
the proposed algorithm against the standard PINNs [27] for inferring the solution of PDEs. Throughout numerical
experiments we will approximate the latent variables by fully-connected neural networks with NTK parameterization
2.3 and hyperbolic tangent activation functions. All networks are trained using standard stochastic gradient descent,
unless otherwise specified. Finally, all results presented in this section can be reproduced using our publicly available
code https://github.com/PredictiveIntelligenceLab/PINNsNTK.

7.1 Convergence of the NTK of PINNs

As our first numerical example, we still focus on the model problem 4.1 and verify the convergence of the PINNs’
NTK. Specifically, we set ⌦ to be the unit interval [0, 1] and fabricate the exact solution to this problem taking the form
u(x) = sin(⇡x). The corresponding f and g are given by

f(x) = �⇡2 sin(⇡x), x 2 [0, 1]

g(x) = 0, x = 0, 1.

We proceed by approximating the latent solution u(x) by a fully-connected neural network u(x,✓) of one hidden layer
with NTK parameterization (see equation 2.3), and a hyperbolic tangent activation function. The corresponding loss
function is given by

L(✓) = Lb(✓) + Lr(✓) (7.1)

=
1

2

NbX

i=1

|u(xi
b,✓)� g(xi

b)|
2 +

1

2

NrX

i=1

|uxx(x
i
r,✓)� f(xi

r)|
2 (7.2)

Here we choose Nb = Nr = 100 and the collocation points {xi
r}

Nr
i=1 are uniformly spaced in the unit interval. To

monitor the change of the NTK K(t) for this PINN model, we train the network for different widths and for 10, 000
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This implies that the i-th component of the left hand side in equation 5.3 will decay approximately at the rate e��it.
In other words, the eigenvalues of the kernel characterize how fast the absolute training error decreases. Particularly,
components of the target function that correspond to kernel eigenvectors with larger eigenvalues will be learned faster.
For fully-connected networks, the eigenvectors corresponding to higher eigenvalues of the NTK matrix generally exhibit
lower frequencies [29, 42, 32]. From Figure 1, one can observe that the eigenvalues of the NTK of PINNs decay rapidly.
This results in extremely slow convergence to the high-frequency components of the target function. Thus we may
conclude that PINNs suffer from the spectral bias either.

More generally, the NTK of PINNs after t steps of gradient descent is given by

K(t) =


Kuu(t) Kur(t)
Kru(t) Krr(t)

�
=


Ju(t)
Jr(t)

� ⇥
JT
u (t),JT

r (t)
⇤
= J(t)JT (t).

It follows that
Nb+NrX

i=1

�i(t) = Tr (K(t)) = Tr
�
J(t)JT (t)

�
= Tr

�
JT (t)J(t)

�

= Tr
�
JT
u (t)Ju(t) + JT

r (t)Jr(t)
�
= Tr

�
Ju(t)J

T
u (t)

�
+ Tr

�
Jr(t)J

T
r (t)

�

=
NbX

i=1

�uu
i (t) +

NrX

i=1

�rr
i (t),

where �i(t),�uu
i (t) and �rr

i (t) denote the eigenvalues of K(t),Kuu(t) and Krr(t), respectively. This reveals that
the overall convergence rate of the total training error is characterized by the eigenvalues of Kuu and Krr together.
Meanwhile, the separate training error of u(xb,✓) and uxx(xr,✓) is determined by the eigenvalues of Kuu and Krr,
respectively. The above observation motivates us to give the following definition.
Definition 5.1. For a positive semi-definite kernel matrix K 2 Rn⇥n

, the average convergence rate c is defined as the

mean of all its eigenvalues �i’s, i.e.

c =

Pn
i=1 �i

n
=

Tr(K)

n
. (5.4)

In particular, for any two kernel matrices K1,K2 with average convergence rate c1 and c2 respectively, we say that

K1 dominates K2 if c1 � c2.

As a concrete example, we train a fully-connected neural network with one hidden layer and 100 neurons to solve the
model problem 7.1 with a fabricated solution u(x) = sin(a⇡x) for different frequency amplitudes a. Figure 1 shows
all eigenvalues of K,Kuu and Krr at initialization in descending order. As with conventional deep fully-connected
networks, the eigenvalues of the PINNs’ NTK decay rapidly and most of the eigenvalues are near zero. Moreover, the
distribution of eigenvalues of K looks similar for different frequency functions (different a), which may heuristically
explain that PINNs tend to learn all frequencies almost simultaneously, as observed in Lu et. al. [43].

Another key observation here is that the eigenvalues of Krr are much greater than Kuu, namely Krr dominates Kuu

by definition 5.1. As a consequence, the PDE residual converges much faster than fitting the PDE boundary conditions,
which may prevent the network from approximating the correct solution. From the authors’ experience, high frequency
functions typically lead to high eigenvalues in Krr, but in some cases Kuu can dominate Krr. We believe that such a
discrepancy between Kuu and Krr is one of the key fundamental reasons behind why PINNs can often fail to train and
yield accurate predictions. In light of this evidence, in the next section, we describe a practical technique to address this
pathology by appropriately assigning weights to the different terms in a PINNs loss function.

6 Practical insights

In this section, we consider gerenal PDEs of the form 3.1 - 3.2 by leveraging the NTK theory we developed for PINNs.
We approximate the latent solution u(x) by a fully-connected neural network u(x,✓) with multiple hidden layers, and
train its parameters ✓ by minimizing the following composite loss function

L(✓) = Lb(✓) + Lr(✓) (6.1)

=
�b

2Nb

NbX

i=1

|u(xi
b,✓)� g(xi

b)|
2 +

�r

2Nr

NrX

i=1

|r(xi
r,✓)|

2, (6.2)
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This implies that the i-th component of the left hand side in equation 5.3 will decay approximately at the rate e��it.
In other words, the eigenvalues of the kernel characterize how fast the absolute training error decreases. Particularly,
components of the target function that correspond to kernel eigenvectors with larger eigenvalues will be learned faster.
For fully-connected networks, the eigenvectors corresponding to higher eigenvalues of the NTK matrix generally exhibit
lower frequencies [29, 42, 32]. From Figure 1, one can observe that the eigenvalues of the NTK of PINNs decay rapidly.
This results in extremely slow convergence to the high-frequency components of the target function. Thus we may
conclude that PINNs suffer from the spectral bias either.

More generally, the NTK of PINNs after t steps of gradient descent is given by
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
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where �i(t),�uu
i (t) and �rr

i (t) denote the eigenvalues of K(t),Kuu(t) and Krr(t), respectively. This reveals that
the overall convergence rate of the total training error is characterized by the eigenvalues of Kuu and Krr together.
Meanwhile, the separate training error of u(xb,✓) and uxx(xr,✓) is determined by the eigenvalues of Kuu and Krr,
respectively. The above observation motivates us to give the following definition.
Definition 5.1. For a positive semi-definite kernel matrix K 2 Rn⇥n

, the average convergence rate c is defined as the

mean of all its eigenvalues �i’s, i.e.

c =

Pn
i=1 �i

n
=

Tr(K)

n
. (5.4)

In particular, for any two kernel matrices K1,K2 with average convergence rate c1 and c2 respectively, we say that

K1 dominates K2 if c1 � c2.

As a concrete example, we train a fully-connected neural network with one hidden layer and 100 neurons to solve the
model problem 7.1 with a fabricated solution u(x) = sin(a⇡x) for different frequency amplitudes a. Figure 1 shows
all eigenvalues of K,Kuu and Krr at initialization in descending order. As with conventional deep fully-connected
networks, the eigenvalues of the PINNs’ NTK decay rapidly and most of the eigenvalues are near zero. Moreover, the
distribution of eigenvalues of K looks similar for different frequency functions (different a), which may heuristically
explain that PINNs tend to learn all frequencies almost simultaneously, as observed in Lu et. al. [43].

Another key observation here is that the eigenvalues of Krr are much greater than Kuu, namely Krr dominates Kuu

by definition 5.1. As a consequence, the PDE residual converges much faster than fitting the PDE boundary conditions,
which may prevent the network from approximating the correct solution. From the authors’ experience, high frequency
functions typically lead to high eigenvalues in Krr, but in some cases Kuu can dominate Krr. We believe that such a
discrepancy between Kuu and Krr is one of the key fundamental reasons behind why PINNs can often fail to train and
yield accurate predictions. In light of this evidence, in the next section, we describe a practical technique to address this
pathology by appropriately assigning weights to the different terms in a PINNs loss function.

6 Practical insights

In this section, we consider gerenal PDEs of the form 3.1 - 3.2 by leveraging the NTK theory we developed for PINNs.
We approximate the latent solution u(x) by a fully-connected neural network u(x,✓) with multiple hidden layers, and
train its parameters ✓ by minimizing the following composite loss function

L(✓) = Lb(✓) + Lr(✓) (6.1)

=
�b

2Nb

NbX

i=1

|u(xi
b,✓)� g(xi

b)|
2 +

�r

2Nr

NrX

i=1

|r(xi
r,✓)|

2, (6.2)

8
Practical insight: Adjusting the learning-rate (or, equivalently, the batch-size) can resolve the 

discrepancy in convergence rate of the total training error.

Wang, S., Yu, X., & Perdikaris, P. (2020). When and why PINNs fail to train: A neural tangent kernel perspective.
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(a)

(b)

Figure 6: One-dimensional wave equation: (a) The predicted solution versus the exact solution by training a fully-
connected neural network with five hidden layers and 500 neurons per layer using the Adam optimizer with default
settings [47] after 80, 000 iterations. The relative L2 error is 4.518e� 01. (b) The predicted solution versus the exact
solution by training the same network using Algorithm 1 after 80, 000 iterations. The relative L2 error is 1.728e� 03.

Figure 7: One-dimensional wave equation: Eigenvalues of Ku,Kut and Kr at different snapshots during training,
sorted in descending order.

(a) (b)

Figure 8: One-dimensional wave equation: (a) The evolution of hyper-parameters �u,�ut and �r during training of a
five-layer deep fully-connected neural network with 500 neurons per layer using Algorithm 1. (b) The eigenvalues of
Ku,Kut ,Kr and �uKu,�utKut ,�rKr at last step of training.

15
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7.2 Adaptive training for PINNs

In this section, we aim to validate the developed theory and examine the effectiveness of the proposed adaptive training
algorithm on the model problem of equation 7.1. To this end, we consider a fabricated exact solution of the form
u(x) = sin(4⇡x), inducing a corresponding forcing term f and Dirichlet boundary condition g given by

f(x) = �16⇡2 sin(4⇡x), x 2 [0, 1]

g(x) = 0, x = 0, 1.

We proceed by approximating the latent solution u(x) by a fully-connected neural network with one hidden layer and
width set to 100. Recall from Theorem 4.3 and Theorem 4.4, that the NTK barely changes during training. This implies
that the weights �b,�r are determined by NTK at initialization and thus they can be regarded as fixed weights during
training. Moreover, from Figure 1, we already know that Krr dominates Kuu for this example. Therefore, the updating
rule for hyper-parameters �b,�r at t step of gradient descent can be reduced to

�b =

PNb+Nr

i=1 �i(t)PNb

i=1 �
uu
i (t)

⇡

PNr

i=1 �
rr
i (t)

PNb

i=1 �
uu
i (t)

⇡
Tr(Krr(0))

Tr(Kuu(0))
(7.3)

�r =

PNb+Nr

i=1 �i(t)PNr

i=1 �
rr
i (t)

⇡ 1. (7.4)

We proceed by training the network via full-batch gradient descent with a learning rate of 10�5 to minimize the
following loss function

L(✓) = Lb(✓) + Lr(✓)

=
�b

2Nb

NbX

i=1

|u(xi
b,✓)� g(xi

b)|
2 +

�r

2Nr

NrX

i=1

|uxx(x
i
r,✓)� f(xi

rNr)|
2,

where the batch sizes are Nb = Nr = 100, �r = 1 and the computed �b ⇡ 100.

A comparison of predicted solution u(x) between the original PINNs (�b = �r = 1) and PINNs with adaptive weights
after 40, 000 iterations are shown in figure 4. It can be observed that the proposed algorithm yields a much more
accurate predicted solution and improves the relative L2 error by about two orders of magnitude. Furthermore, we also
investigate how the predicted performance of PINNs depends on the choice of different weights in the loss function. To
this end, we fix �r = 1 and train the same network, but now we manually tune �b. Figure 5 presents a visual assessment
of relative L2 errors of predicted solutions for different �b 2 [1, 500] averaged over ten independent trials. One can see
that the relative L2 error decreases rapidly to a local minimum as �b increases from 1 to about 100 and then shows
oscillations as �b continues to increase. Moreover, a large magnitude of �b seems to lead to a large standard deviation
in the L2 error, which may be due to the imaginary eigenvalues of the indefinite kernel fK resulting in an unstable
training process. This empirical simulation study confirms that the weights �r = 1 and �b suggested by our theoretical
analysis based on analyzing the NTK spectrum are robust and closely agree with the optimal weights obtained via
manual hyper-parameter tuning.

7.3 One-dimensional wave equation

As our last example, we present a study that demonstrates the effectivenss of Algorithm 1 in a practical problem for
which conventional PINNs models face severe diffuculties. To this end, we consider a one-dimensional wave equation
in the domain ⌦ = [0, 1]⇥ [0, 1] taking the the form

utt(x, t)� 4uxx(x, t) = 0, (x, t) 2 (0, 1)⇥ (0, 1) (7.5)
u(0, t) = u(1, t) = 0, t 2 [0, 1] (7.6)

u(x, 0) = sin(⇡x) +
1

2
sin(4⇡x), x 2 [0, 1] (7.7)

ut(x, 0) = 0, x 2 [0, 1]. (7.8)

First, by d’Alembert’s formula [45], the solution u(x, t) is given by

u(x, t) = sin(⇡x) cos(2⇡t) +
1

2
sin(4⇡x) cos(8⇡t). (7.9)

12To investigate the reason behind PINN’s failure for this example, we compute its NTK and track it during training.
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Here we treat the temporal coordinate t as an additional spatial coordinate in x and then the initial condition 7.7 can be
included in the boundary condition 7.6, namely

u(x) = g(x), x 2 @⌦
Now we approximate the solution u by a 5-layer deep fully-connected network u(x,✓) with 500 neurons per hidden
layer, where x = (x, t). Then we can formulate a “physics-informed" loss function by

L(✓) = Lu(✓) + Lut(✓) + Lr(✓) (7.10)

=
�u

2Nu

NuX

i=1

|u(xi
u,✓)� g(xi

u)|
2 +

�ut

2Nut

NutX

i=1

|ut(x
i
ut
,✓)|2 +

�r

2Nr

NrX

i=1

|Lu(xi
r,✓)|

2, (7.11)

where the hyper-parameters �u,�ut ,�r are initialized to 1, the batch sizes are set to Nu = Nut = Nr = 300, and
L = @tt�4@xx. Here all training data are uniformely sampling inside the computational domain at each gradeint descent
iteration. The network u(x,✓) is initialized using the standard Glorot scheme [46] and then trained by minimizing
the above loss function via stochastic gradient descent using the Adam optimizer with default settings [47]. Figure 6a
provides a comparison between the predicted solution against the ground truth obtained after 80, 000 training iterations.
Clearly the original PINN model fails to approximate the ground truth solution and the relative L2 error is above 40%.

To explore the reason behind PINN’s failure for this example, we compute its NTK and track it during training. Similar
to the proof of Lemma 3.1, the corresponding NTK can be derived from the loss function 7.102

64

du(xu,✓(t))
dt

dut(xut ,✓(t))
dt

dLu(xr,✓(t))
dt

3

75 := fK(t) ·

"
u(xb,✓(t))� g(xb)
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Lu(xr,✓(t))

#
, (7.12)

where

fK(t) =

2
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.

A visual assessment of the eigenvalues of Ku,Kut and Kr at initialization and the last step of gradient descent are
presented in Figure 7. It can be observed that the NTK does not remain fixed and all eigenvalues move “outward"
in the beginning of the training, and then remain almost static such that Kr and Kut dominate Ku during training.
Consequently, the components of ut(xut ,✓) and Lu(xr,✓)) converge much faster than the loss of boundary conditions,
and, therefore, introduce a severe discrepancy in the convergence rate of each different term in the loss, causing this
standard PINNs model to collapse. To verify our hypothesis, we also train the same network using Algorithm 1 with the
following generalized updating rule for hyper-parameters �u,�ut and �r

�u =
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In particular, we update these weights every 1, 000 training iterations, hence the extra computational costs compared to
a standard PINNs approach is negligible. The results of this experiment are shown in Figure 6b, from which one can
easily see that the predicted solution obtained using the proposed adaptive training scheme achieves excellent agreement
with the ground truth and the relative L2 error is 1.73e� 3. To quantify the effect of the hyper-parameters �u,�ut and
�r on the NTK, we also compare the eigenvalues of Ku,Kut and Kr multiplied with or without the hyper-parameters
at last step of gradient descent. As it can be seen in Figure 8b, the discrepancy of the convergence rate of different
components in total training errors is considerably resolved. Furthermore, Figure 8a presents the change of weights
during training and we can see that �u,�ut increase rapidly and then remain almost fixed while �r is near 1 for all time.
So we may conclude that the overall training process using Algorithm 1 is stable.
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where the hyper-parameters �u,�ut ,�r are initialized to 1, the batch sizes are set to Nu = Nut = Nr = 300, and
L = @tt�4@xx. Here all training data are uniformely sampling inside the computational domain at each gradeint descent
iteration. The network u(x,✓) is initialized using the standard Glorot scheme [46] and then trained by minimizing
the above loss function via stochastic gradient descent using the Adam optimizer with default settings [47]. Figure 6a
provides a comparison between the predicted solution against the ground truth obtained after 80, 000 training iterations.
Clearly the original PINN model fails to approximate the ground truth solution and the relative L2 error is above 40%.

To explore the reason behind PINN’s failure for this example, we compute its NTK and track it during training. Similar
to the proof of Lemma 3.1, the corresponding NTK can be derived from the loss function 7.102
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A visual assessment of the eigenvalues of Ku,Kut and Kr at initialization and the last step of gradient descent are
presented in Figure 7. It can be observed that the NTK does not remain fixed and all eigenvalues move “outward"
in the beginning of the training, and then remain almost static such that Kr and Kut dominate Ku during training.
Consequently, the components of ut(xut ,✓) and Lu(xr,✓)) converge much faster than the loss of boundary conditions,
and, therefore, introduce a severe discrepancy in the convergence rate of each different term in the loss, causing this
standard PINNs model to collapse. To verify our hypothesis, we also train the same network using Algorithm 1 with the
following generalized updating rule for hyper-parameters �u,�ut and �r

�u =
Tr(Ku) + Tr(Kut) + Tr(Kr)
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(7.13)

�ut =
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�r =
Tr(Ku) + Tr(Kut) + Tr(Kr)
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In particular, we update these weights every 1, 000 training iterations, hence the extra computational costs compared to
a standard PINNs approach is negligible. The results of this experiment are shown in Figure 6b, from which one can
easily see that the predicted solution obtained using the proposed adaptive training scheme achieves excellent agreement
with the ground truth and the relative L2 error is 1.73e� 3. To quantify the effect of the hyper-parameters �u,�ut and
�r on the NTK, we also compare the eigenvalues of Ku,Kut and Kr multiplied with or without the hyper-parameters
at last step of gradient descent. As it can be seen in Figure 8b, the discrepancy of the convergence rate of different
components in total training errors is considerably resolved. Furthermore, Figure 8a presents the change of weights
during training and we can see that �u,�ut increase rapidly and then remain almost fixed while �r is near 1 for all time.
So we may conclude that the overall training process using Algorithm 1 is stable.
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Figure 6: One-dimensional wave equation: (a) The predicted solution versus the exact solution by training a fully-
connected neural network with five hidden layers and 500 neurons per layer using the Adam optimizer with default
settings [47] after 80, 000 iterations. The relative L2 error is 4.518e� 01. (b) The predicted solution versus the exact
solution by training the same network using Algorithm 1 after 80, 000 iterations. The relative L2 error is 1.728e� 03.

Figure 7: One-dimensional wave equation: Eigenvalues of Ku,Kut and Kr at different snapshots during training,
sorted in descending order.

(a) (b)

Figure 8: One-dimensional wave equation: (a) The evolution of hyper-parameters �u,�ut and �r during training of a
five-layer deep fully-connected neural network with 500 neurons per layer using Algorithm 1. (b) The eigenvalues of
Ku,Kut ,Kr and �uKu,�utKut ,�rKr at last step of training.
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Here we treat the temporal coordinate t as an additional spatial coordinate in x and then the initial condition 7.7 can be
included in the boundary condition 7.6, namely

u(x) = g(x), x 2 @⌦
Now we approximate the solution u by a 5-layer deep fully-connected network u(x,✓) with 500 neurons per hidden
layer, where x = (x, t). Then we can formulate a “physics-informed" loss function by

L(✓) = Lu(✓) + Lut(✓) + Lr(✓) (7.10)
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where the hyper-parameters �u,�ut ,�r are initialized to 1, the batch sizes are set to Nu = Nut = Nr = 300, and
L = @tt�4@xx. Here all training data are uniformely sampling inside the computational domain at each gradeint descent
iteration. The network u(x,✓) is initialized using the standard Glorot scheme [46] and then trained by minimizing
the above loss function via stochastic gradient descent using the Adam optimizer with default settings [47]. Figure 6a
provides a comparison between the predicted solution against the ground truth obtained after 80, 000 training iterations.
Clearly the original PINN model fails to approximate the ground truth solution and the relative L2 error is above 40%.

To explore the reason behind PINN’s failure for this example, we compute its NTK and track it during training. Similar
to the proof of Lemma 3.1, the corresponding NTK can be derived from the loss function 7.102
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A visual assessment of the eigenvalues of Ku,Kut and Kr at initialization and the last step of gradient descent are
presented in Figure 7. It can be observed that the NTK does not remain fixed and all eigenvalues move “outward"
in the beginning of the training, and then remain almost static such that Kr and Kut dominate Ku during training.
Consequently, the components of ut(xut ,✓) and Lu(xr,✓)) converge much faster than the loss of boundary conditions,
and, therefore, introduce a severe discrepancy in the convergence rate of each different term in the loss, causing this
standard PINNs model to collapse. To verify our hypothesis, we also train the same network using Algorithm 1 with the
following generalized updating rule for hyper-parameters �u,�ut and �r

�u =
Tr(Ku) + Tr(Kut) + Tr(Kr)

Tr(Ku)
(7.13)

�ut =
Tr(Ku) + Tr(Kut) + Tr(Kr)

Tr(Kut)
(7.14)

�r =
Tr(Ku) + Tr(Kut) + Tr(Kr)

Tr(Kr)
. (7.15)

In particular, we update these weights every 1, 000 training iterations, hence the extra computational costs compared to
a standard PINNs approach is negligible. The results of this experiment are shown in Figure 6b, from which one can
easily see that the predicted solution obtained using the proposed adaptive training scheme achieves excellent agreement
with the ground truth and the relative L2 error is 1.73e� 3. To quantify the effect of the hyper-parameters �u,�ut and
�r on the NTK, we also compare the eigenvalues of Ku,Kut and Kr multiplied with or without the hyper-parameters
at last step of gradient descent. As it can be seen in Figure 8b, the discrepancy of the convergence rate of different
components in total training errors is considerably resolved. Furthermore, Figure 8a presents the change of weights
during training and we can see that �u,�ut increase rapidly and then remain almost fixed while �r is near 1 for all time.
So we may conclude that the overall training process using Algorithm 1 is stable.
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Here we treat the temporal coordinate t as an additional spatial coordinate in x and then the initial condition 7.7 can be
included in the boundary condition 7.6, namely
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where the hyper-parameters �u,�ut ,�r are initialized to 1, the batch sizes are set to Nu = Nut = Nr = 300, and
L = @tt�4@xx. Here all training data are uniformely sampling inside the computational domain at each gradeint descent
iteration. The network u(x,✓) is initialized using the standard Glorot scheme [46] and then trained by minimizing
the above loss function via stochastic gradient descent using the Adam optimizer with default settings [47]. Figure 6a
provides a comparison between the predicted solution against the ground truth obtained after 80, 000 training iterations.
Clearly the original PINN model fails to approximate the ground truth solution and the relative L2 error is above 40%.

To explore the reason behind PINN’s failure for this example, we compute its NTK and track it during training. Similar
to the proof of Lemma 3.1, the corresponding NTK can be derived from the loss function 7.102
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A visual assessment of the eigenvalues of Ku,Kut and Kr at initialization and the last step of gradient descent are
presented in Figure 7. It can be observed that the NTK does not remain fixed and all eigenvalues move “outward"
in the beginning of the training, and then remain almost static such that Kr and Kut dominate Ku during training.
Consequently, the components of ut(xut ,✓) and Lu(xr,✓)) converge much faster than the loss of boundary conditions,
and, therefore, introduce a severe discrepancy in the convergence rate of each different term in the loss, causing this
standard PINNs model to collapse. To verify our hypothesis, we also train the same network using Algorithm 1 with the
following generalized updating rule for hyper-parameters �u,�ut and �r

�u =
Tr(Ku) + Tr(Kut) + Tr(Kr)

Tr(Ku)
(7.13)

�ut =
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�r =
Tr(Ku) + Tr(Kut) + Tr(Kr)
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In particular, we update these weights every 1, 000 training iterations, hence the extra computational costs compared to
a standard PINNs approach is negligible. The results of this experiment are shown in Figure 6b, from which one can
easily see that the predicted solution obtained using the proposed adaptive training scheme achieves excellent agreement
with the ground truth and the relative L2 error is 1.73e� 3. To quantify the effect of the hyper-parameters �u,�ut and
�r on the NTK, we also compare the eigenvalues of Ku,Kut and Kr multiplied with or without the hyper-parameters
at last step of gradient descent. As it can be seen in Figure 8b, the discrepancy of the convergence rate of different
components in total training errors is considerably resolved. Furthermore, Figure 8a presents the change of weights
during training and we can see that �u,�ut increase rapidly and then remain almost fixed while �r is near 1 for all time.
So we may conclude that the overall training process using Algorithm 1 is stable.
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where the hyper-parameters �u,�ut ,�r are initialized to 1, the batch sizes are set to Nu = Nut = Nr = 300, and
L = @tt�4@xx. Here all training data are uniformely sampling inside the computational domain at each gradeint descent
iteration. The network u(x,✓) is initialized using the standard Glorot scheme [46] and then trained by minimizing
the above loss function via stochastic gradient descent using the Adam optimizer with default settings [47]. Figure 6a
provides a comparison between the predicted solution against the ground truth obtained after 80, 000 training iterations.
Clearly the original PINN model fails to approximate the ground truth solution and the relative L2 error is above 40%.

To explore the reason behind PINN’s failure for this example, we compute its NTK and track it during training. Similar
to the proof of Lemma 3.1, the corresponding NTK can be derived from the loss function 7.102
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A visual assessment of the eigenvalues of Ku,Kut and Kr at initialization and the last step of gradient descent are
presented in Figure 7. It can be observed that the NTK does not remain fixed and all eigenvalues move “outward"
in the beginning of the training, and then remain almost static such that Kr and Kut dominate Ku during training.
Consequently, the components of ut(xut ,✓) and Lu(xr,✓)) converge much faster than the loss of boundary conditions,
and, therefore, introduce a severe discrepancy in the convergence rate of each different term in the loss, causing this
standard PINNs model to collapse. To verify our hypothesis, we also train the same network using Algorithm 1 with the
following generalized updating rule for hyper-parameters �u,�ut and �r
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In particular, we update these weights every 1, 000 training iterations, hence the extra computational costs compared to
a standard PINNs approach is negligible. The results of this experiment are shown in Figure 6b, from which one can
easily see that the predicted solution obtained using the proposed adaptive training scheme achieves excellent agreement
with the ground truth and the relative L2 error is 1.73e� 3. To quantify the effect of the hyper-parameters �u,�ut and
�r on the NTK, we also compare the eigenvalues of Ku,Kut and Kr multiplied with or without the hyper-parameters
at last step of gradient descent. As it can be seen in Figure 8b, the discrepancy of the convergence rate of different
components in total training errors is considerably resolved. Furthermore, Figure 8a presents the change of weights
during training and we can see that �u,�ut increase rapidly and then remain almost fixed while �r is near 1 for all time.
So we may conclude that the overall training process using Algorithm 1 is stable.
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Numerical studies: Wave propagation

Adaptive weights:



The fine prints…
• Fully-connected PINNs not only suffer from spectral bias, but also from a remarkable discrepancy 

of convergence rate in the different components of their loss function. 

• This can be partly mitigated by adaptive training procedures.

• PINNs are currently far more effective for inverse (rather than forward) problems, indicating that 
the distribution of the observed data plays a profound role in their trainability.

• The application of PINNs still remains challenging in problems involving coupled physics and multi-
scale dynamics.

• Need for novel architectures that overcome spectral bias and training convergence pathologies.

• Need for stable and effective optimization algorithms for PINNs, and multi-task learning in general.

• Predictive uncertainty estimates can be facilitated via an (expensive) Bayesian formulation, although 
averaging across an ensemble of neural nets still remains the most effective solution in practice.



Forward vs Inverse problems

Forward problem for 1D Poisson equation

Inverse problem for 1D Poisson equation

Basri, R., Galun, M., Geifman, A., Jacobs, D., Kasten, Y., & Kritchman, S. (2020). Frequency bias in neural networks for input of non-uniform density. arXiv 
preprint arXiv:2003.04560.

The data distribution plays a profound role in shaping the NTK spectrum, and, hence, the trainability of PINNs!



Stiffness in the gradient flow dynamics
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�u(x, y) + k2u(x, y) = q(x, y), (x, y) 2 ⌦ := (�1, 1)
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Example:
Helmholtz equation in 2D
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Largest eigenvalue of the Hessian  
during the training of a 4-layer PINN.

Sti↵ness:

• Sti↵ness of the gradient flow can be characterized by the largest eigenvalue
of r2

✓L(✓).

Hypothesis:

• The sti↵ness exists in the gradient flow dynamics of PINNs.

• The sti↵ness leads to imbalanced gradients during model training using
gradient descent.

• The sti↵ness leads to di�culties in training PINNs via gradient descent
✓n+1 = ✓n � ⌘r✓L(✓n).
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Wang, S., Teng, Y., & Perdikaris, P. (2020). 
Understanding and mitigating gradient 
pathologies in physics-informed neural networks.

*training via gradient descent (aka Forward Euler) introduces 
severe restrictions on the learning rate (η<2/λmax).
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Figure 3: The KdV equation: A solution to the KdV equation (left panel) is compared to

the corresponding solution of the learned partial di↵erential equation (right panel). The

identified system correctly captures the form of the dynamics and accurately reproduces

the solution with a relative L2
-error of 6.28e-02. It should be emphasized that the training

data are collected in roughly two-thirds of the domain between times t = 0 and t = 26.8
represented by the white vertical lines. The algorithm is thus extrapolating from time

t = 26.8 onwards. The relative L2
-error on the training portion of the domain is 3.78e-02.

fectiveness of our approach, we solve the learned partial di↵erential equation
(7) using the PINNs algorithm [34]. We assume periodic boundary condi-
tions and the same initial condition as the one used to generate the original
dataset. The resulting solution of the learned partial di↵erential equation as
well as the exact solution of the KdV equation are depicted in figure 3. This
figure indicates that our algorithm is capable of accurately identifying the
underlying partial di↵erential equation with a relative L2-error of 6.28e-02.
It should be highlighted that the training data are collected in roughly two-
thirds of the domain between times t = 0 and t = 26.8. The algorithm is
thus extrapolating from time t = 26.8 onwards. The corresponding relative
L2-error on the training portion of the domain is 3.78e-02.

To test the algorithm even further, let us change the initial condition to
cos(�⇡x/20) and solve the KdV (6) using the conventional spectral method
outlined above. We compare the resulting solution to the one obtained by
solving the learned partial di↵erential equation (5) using the PINNs algo-
rithm [34]. It is worth emphasizing that the algorithm is trained on the
dataset depicted in figure 3 and is being tested on a di↵erent dataset as
shown in figure 4. The surprising result reported in figure 4 strongly indi-
cates that the algorithm is accurately learning the underlying partial di↵er-
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3.2. The KdV equation

As a mathematical model of waves on shallow water surfaces one could
consider the Korteweg-de Vries (KdV) equation. The KdV equation reads as

ut = �uux � uxxx. (6)

To obtain a set of training data we simulate the KdV equation (6) using
conventional spectral methods. In particular, we start from an initial con-
dition u(0, x) = � sin(⇡x/20), x 2 [�20, 20] and assume periodic boundary
conditions. We integrate equation (6) up to the final time t = 40. We use the
Chebfun package [43] with a spectral Fourier discretization with 512 modes
and a fourth-order explicit Runge-Kutta temporal integrator with time-step
size 10�4. The solution is saved every �t = 0.2 to give us a total of 201
snapshots. Out of this data-set, we generate a smaller training subset, scat-
tered in space and time, by randomly sub-sampling 10000 data points from
time t = 0 to t = 26.8. In other words, we are sub-sampling from the orig-
inal dataset only in the training portion of the domain from time t = 0 to
t = 26.8. Given the training data, we are interested in learning N as a
function of the solution u and its derivatives up to the 3rd order6; i.e.,

ut = N (u, ux, uxx, uxxx). (7)

We represent the solution u by a 5-layer deep neural network with 50 neurons
per hidden layer. Furthermore, we letN to be a neural network with 2 hidden
layers and 100 neurons per hidden layer. These two networks are trained by
minimizing the sum of squared errors loss of equation (3). To illustrate the ef-

6
A detailed study of the choice of the order is provided in section 3.1 for the Burgers’

equation.

1st order 2nd order 3rd order 4th order
Relative L2-error 1.14e+00 1.29e-02 3.42e-02 5.54e-02

Table 2: Burgers’ equation: Relative L2
-error between solutions of the Burgers’ equa-

tion and the learned partial di↵erential equation as a function of the highest order

of spatial derivatives included in our formulation. For instance, the case correspond-

ing to the 3rd order means that we are looking for a nonlinear function N such that

ut = N (u, ux, uxx, uxxx). Here, the total number of training data as well as the neural

network architectures are kept fixed and the data are assumed to be noiseless.
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Figure 2: Lorenz System: The exact phase portrait of the Lorenz system (left panel) is

compared to the corresponding phase portrait of the learned dynamics (right panel).

The Lorenz system has a positive Lyapunov exponent, and small di↵er-
ences between the exact and learned models grow exponentially, even though
the attractor remains intact. This behavior is evident in figure 3, as we com-
pare the exact versus the predicted trajectories. Small discrepancies due to
finite accuracy in the predicted dynamics lead to large errors in the fore-
casted time-series after t > 4, despite the fact that the bi-stable structure of
the attractor is well captured (see figure 2).

3.3. Fluid flow behind a cylinder

In this example we collect data for the fluid flow past a cylinder (see fig-
ure 4) at Reynolds number 100 using direct numerical simulations of the two
dimensional Navier-Stokes equations. In particular, following the problem
setup presented in [23] and [24], we simulate the Navier-Stokes equations de-
scribing the two-dimensional fluid flow past a circular cylinder at Reynolds
number 100 using the Immersed Boundary Projection Method [25, 26]. This
approach utilizes a multi-domain scheme with four nested domains, each suc-
cessive grid being twice as large as the previous one. Length and time are
non-dimensionalized so that the cylinder has unit diameter and the flow has
unit velocity. Data is collected on the finest domain with dimensions 9⇥4 at
a grid resolution of 449⇥ 199. The flow solver uses a 3rd-order Runge Kutta
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Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2018). Multistep 
Neural Networks for Data-driven Discovery of Nonlinear 

Dynamical Systems. arXiv preprint

High-dimensional PDEs

Raissi, M. (2018). Forward-backward stochastic neural 
networks: Deep learning of high-dimensional partial 

differential equations. arXiv preprint arXiv:
1804.07010.
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Fractional PDEs
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Figure 1: fPINNs for solving integral, differential, and integro-differential equations. Here we
choose specific integro-differential operators in the form of time- and/or space- fractional deriva-
tives. fPINNs can incorporate both fractional-order and integer-order operators. In the PDE
shown in the figure, f(·) is a function of operators. The abbreviations “SM” and “AD” represent
spectral methods and automatic differentiation, respectively.

In this paper, we focus on the NN approaches due to the high expressive power of NNs in
function approximation [24, 25, 26, 27]. In particular, we concentrate on physics-informed neural
networks (PINNs) [28, 29, 30, 1], which belong to the second aforementioned category. The recent
applications of PINNs include (1) inferring the velocity and pressure fields from the concentra-
tion field of a passive scalar in solving the Navier-Stokes equations [31], and (2) identifying the
distributed parameters of stochastic PDEs [21]. However, PINNs, despite their high flexibility,
cannot be directly applied to the solution of fractional PDEs, because the classical chain rule,
which works rather efficiently in forward and backward propagation for NN, is not even valid in
fractional calculus. We could consider a fractional version of chain rule, but it is in the form of
an infinite series, and hence it is computationally prohibitive. To overcome this difficulty here
we propose an alternative method in the form of fractional PINNs (fPINNs). Specifically, we pro-
pose fPINNs for solving integral, differential, and integro-differential equations, and more generally
fPINNs can handle both fractional-order and integer-order operators. We employ the automatic
differentiation technique to analytically derive the integer-order derivatives of NN output, while
we approximate the fractional derivatives numerically using standard methods for the numerical
discretization of fractional operators; an illustrative schematic is shown in Fig. 1. There are three
attractive features of fPINNs.

(1) They have superior accuracy for black-box and noisy forcing terms. When the
forcing term is simply measured at scattered spatio-temporal points, interpolation has to
be performed using standard numerical methods but this may introduce large interpolation
errors for sparse measurements. In contrast, fPINNs can bypass the forcing term interpolation
and instead construct the equation residual at these measurement points. Numerical results
show that fPINNs can achieve higher solution accuracy for sparse measurements for both
forward and inverse problems. Additionally, the noise in the data can be naturally taken into
account by employing regularization techniques, such as L

1, L2 and L
1 regularization [32],

early stopping [33], as well as dropout [34, 35].

(2) They can easily handle high-dimensional, irregular-domain problems. Being in-
herently data-driven, fPINNs do not rely on fixed meshes or grids, and thus they have higher
flexibility in tackling high-dimensional problems on complex-geometry domains. The train-
ing points for fPINNs can be arbitrarily distributed in the spatio-temporal domain. We

3

Integrated software

Lu, L., Meng, X., Mao, Z., & Karniadakis, G. E. (2019). 
DeepXDE: A deep learning library for solving differential 

equations. arXiv preprint arXiv:1907.04502.
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Geometry Differential
equations

Boundary/initial
conditions Neural net

Training data data.PDE or
data.TimePDE Model

Model.compile(...)Model.train(...,
callbacks=...)Model.predict(...)

Fig. 5. Flowchart of DeepXDE corresponding to Procedure 3.1. The white boxes define the
PDE problem and the training hyperparameters. The blue boxes combine the PDE problem and
training hyperparameters in the white boxes. The orange boxes are the three steps (from right to
left) to solve the PDE.

In DeepXDE, The built-in primitive geometries include , ,
, , , and . Other geometries can be con-

structed from these primitive geometries using three boolean operations: ,
and . This technique is called constructive solid

geometry (CSG), see Figure 6 for examples. CSG supports both two-dimensional and
three-dimensional geometries.

A B

A | B

A - B

A & B

| &

-

Fig. 6. Examples of constructive solid geometry (CSG) in 2D. (left) A and B represent the
rectangle and circle, respectively. The union A|B, di↵erence A � B, and intersection A&B are
constructed from A and B. (right) A complex geometry (top) is constructed from a polygon, a
rectangle and two circles (bottom) through the union, di↵erence, and intersection operations. This
capability is included in the module geometry of DeepXDE.

DeepXDE supports four standard boundary conditions, including Dirichlet ( ),
Neumann ( ), Robin ( ), and periodic ( ). The initial
condition can be defined using . There are two types of neural networks available
in DeepXDE: feed-forward neural network ( ) and residual neural network
( ). It is also convenient to choose di↵erent training hyperparameters,
such as loss types, metrics, optimizers, learning rate schedules, initializations and
regularizations.

In addition to solving di↵erential equations, DeepXDE can also be used to ap-

Surrogate modeling & high-dimensional UQ

(a) GRF KLE512, test 1. (b) GRF KLE512, test 2.

(c) Channelized, test 1. (d) Channelized, test 2.

Figure 8: Prediction examples of the PCS under the mixed residual loss. (a) and (b) are

2 test results for the PCS trained with 8192 samples of GRF KLE512; (c) and (d) are 2

test results for the PCS trained with 4096 samples of channelized fields.

Varying the number of training inputs. We train the PCS with di↵erent num-
ber of samples from GRF KLE512, and compare its predictive performance
against the DDS in Fig. 9. From the figure, the relative L2 error decreases
as the PCS is trained with more input data. While this is not surprising,
it shows the convergence behavior of physics-constraint learning approach.
Moreover, the PCS achieves similar relative L2 error of predicted pressure
field with the DDS when there are enough training input samples, and even
lower when the number of training input samples is 8192.

The common requirement for data-driven modeling of physical systems is

25

Zhu, Y., Zabaras, N., Koutsourelakis, P. S., & Perdikaris, P. (2019). 
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surrogate modeling and uncertainty quantification without 
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Multi-fidelity modeling for stochastic systems

Conditional deep surrogate models for stochastic, high-dimensional, 
and multi-fidelity systems. Computational Mechanics, 1-18.
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Figure 1: Building probabilistic surrogates using conditional generative models: We assume
that each observed data pair in the physical space (x, y) is generated by a deterministic
nonlinear transformation of the inputs x and a set of latent variables z, i.e. y = f✓(x, z).
This construction generalizes the classical observation model used in regression, namely
y = f✓(x)+ ✏, which can be viewed as a simplified case corresponding to an additive noise
model.

the evidence lower bound (ELBO), provides a tractable lower bound to the
marginal likelihood of the model, and takes the form [24]

� log p✓(y|x)  KL [q�(z|x,y)||p(z|x)]� Ez⇠q�(z|x,y) [log p✓(y|x, z)] , (2)

where KL [q�(z|x,y)||p(z|x)] denotes the Kullback-Leibler divergence be-
tween the approximate posterior q�(z|x,y) and the prior over the latent
variables p(z|x) [23, 24]. Due to the resemblance of this approach to neural
network auto-encoders [25, 26], the model proposed by Kingma and Welling
has been coined as the variational auto-encoder, and the resulting approx-
imate distributions q�(z|x,y) and p✓(y|x, z) are usually referred to as the
encoder and decoder distributions, respectively.

In a short period of time, this line of work has sparked great interest,
and has led to remarkable results in very diverse applications – ranging from
the design optimization of light emitting diodes [27], to the design of new
molecules [28], to the calibration of cosmological surveys [29], to RNA se-
quencing [30], to analyzing cancer gene expressions [31] – all involving the
approximation of very high-dimensional probability densities. It has also led
to many fundamental studies that aim to further elucidate the capabilities
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Gradient analysis for PINNs
Example: Poisson equation in 1D

�u(x) = g(x), x 2 [0, 1]

u(x) = h(x), x = 0 and x = 1.

Let us consider exact solutions of the form u(x) = sin(Cx). Then we can use a
deep neural network f✓(x) to approximating u(x).
The loss function is given by

L(✓) = Lr(✓) + Lub(✓)

=
1

Nb

NbX

i=1

[f✓(x
i
b)� h(xi

b)]
2 +

1

Nr

NrX

i=1

[
@2

@x2
f✓(x

i
r)� g(xi

r)]
2.
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Assumptions:

• f✓(x) = u(x)✏✓(x), where ✏✓(x) is a smooth function defined in [0, 1].

• There exists ✏ > 0 such that |✏✓(x) � 1|  ✏ and k@k✏✓(x)
@xk kL1 < ✏, for all

non-negative integer k.

We can show that

kr✓Lub(✓)kL1  2✏ · kr✓✏✓(x)kL1

kr✓Lr(✓)kL1  O(C4) · ✏ · kr✓✏✓(x)kL1
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Wang, S., Teng, Y., & Perdikaris, P. (2020). Understanding and mitigating gradient pathologies in physics-informed neural networks. arXiv 
preprint arXiv:2001.04536.



Stiffness in the gradient flow dynamics
Example: Helmholtz equation in 2D, gradient descent update:

✓n+1 = ✓n � ⌘r✓L(✓n) = ✓n � ⌘ (r✓Lr(✓n) +r✓Lub(✓n))

Applying second order Taylor expansion to the loss function L(✓) at ✓n we can

show that

Lr(✓n+1)� Lr(✓n) = ⌘kr✓L(✓n)k22(�1 +
1

2
⌘

NX

i=1

�r
i y

2
i )

Lub(✓n+1)� Lub(✓n) = ⌘kr✓L(✓n)k22(�1 +
1

2
⌘

NX

i=1

�ub
i y2i ),

for some y = (y1, . . . , yN ) satisfying kyk22 =
P

y2i = 1, where �1  �2  · · · 
�N are eigenvalues of r2

✓L.
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Large Hessian eigenvalues indicate 
stiffness in the gradient flow dynamics

Even full-batch gradient descent can get trapped 
in limit cycles and does not guarantee a 
monotonic decrease of the loss.



Gradient pathologies in physics-informed neural networks
A simple benchmark
(2D Helmholtz 
equation):
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and proceed by approximating u(x, t) by a deep neural network f✓, which can be learned by minimizing the mean
squared error loss

MSE = MSE0 +MSEb +MSEf , (4)

where

MSE0 =
1

N0

N0X

i=1

|u(0, xi
0)� h

i
0)|2,

MSEb =
1

Nb

NbX

i=1

|u(tib, xi
b)� g

i
b|2,

MSEf =
1

Nf

NfX

i=1

|f(tif , xi
f )|2

Here {xi
0, h

i
0)}

N0
i=1 denotes the initial data, {tib, xi

b, g
i
b}

Nb
i=1 denotes the boundary data and {tif , xi

f}
Nf

i=1 denotes the
collocation points inside the domain. x). Consequently, MSE0 corresponds to the loss on the initial data, MSEb

enforces the periodic boundary conditions, and MSEf penalizes the equation not being satisfied on the collocation
points. The goal is to construct functions represented by a neural network u✓ for which MSE is as close to zero as
possible.

2.2 Gradient pathologies in physics-informed neural networks

Now we consider the Helmholtz equation:

�u+ k
2
u = q(x, y) (x, y) 2 [�1, 1] (5)

where � is the Laplace operator and

q(x, y) =

For k = 10, the analytical solution is

u(x, y) = (x+ y) sin(⇡x) sin(6⇡y) (6)

We extract the boundary function h(x, y) from the exact solution.

The the corresponding mean square loss is

MSE = MSEb +MSEf (7)

Here our goal is to learn the latent solution u(t, x) of the Helmholtz equation (4) by training the network using the
mean squared error loss of (5). And then we choose to represent the latent solution using a 5-layer feed forward neural
network with 100 neurons per layer and a hyperbolic tangent activation function. From the figure, we find that our
PINN model cannot learn the latent solution u(x1, x2) correctly.

To explore the reason why this model collapses, inspired by the paper [understanding the difficulty of learning a feed
forward neural network], we are trying to investigate the gradients of weights during the training. Rather than tracking
the gradients of the mean squared loss function MSE, we track the gradients of MSEb and MSEf with respect to the
weights in each layer respectively. From the figure, we find the gradients of MSEb in each layer is much less than the
gradients of MSEf in each layer.

As we know, for a partial differential equation, if we don’t give any other restriction such as boundary condition or
initial condition, the equation may have infinitely many solutions. So if the gradients of MSEb is very small, then
our PINN model may have some trouble in fitting the boudary conditions. While the gradients of MSEf is large, the
neural network can easily learn any solutions that satisfy the equation. As a result, our PINN model may not learn the
latent solution as we expected.

2.3 Gradient analysis for physics-informed neural networks

Why does this happen? According to the common sense, we need to compute the second derivatives of the neural
network with respect to the data during the training, which means that the chain rule for computing the gradients of
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Loss function:
L(✓) := �1 Lr(✓)| {z }

PDE residual

+�2 Lub(✓)| {z }
BCs fit
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Figure 3: 1.565970e-02 3 hidden layers 50 units

Figure 4: 40000 iterations

2.5 Modifying the neural network architecture?

In this section, we provides details for the ADGM network architectures.

Always, how to design the architecture of neural network is the key to its success. People utilize different architecture to
deal with different problems based on some prior knowledge. For instance, convolution neural newtorks are widely used
in images recognition and images classifications. This is because convolution operation achieves translation invariance,
which is the crucial feature in image processing. Besides, recurrent neural networks are essential for modeling sequential
data. That’s due to its ability to memorize more information stored in those sequential data.

Inspired by the Attention mechanism popular recently, we purposed a novelty neural network, which has following
features:

1. introduce pointwise multiplication
2. each layer accepts inputs

and found that such a neural network is specially effective to learn latent solution in our case.

Basically, what we are trying to do is to use two encoders that map the inputs to a high-dimensional space and then use
pointwise muliplication opeation such that

U = �(W 1
~x+ b

1), V = �(W 2
~x+ b

2)

H
(1) = �(W z,1

~x+ b
z,1)

Z
(k) = �(W z,k

H
(k) + b

z,k), k = 1, . . . , L

H
(k+1) = (1� Z

(k))� U + Z
(k) � V, k = 1, . . . , L

f(x; ✓) = WH
(L+1) + b

7

Histograms of back-propagated gradients  at each hidden layer∇θℒub
(θ), ∇θℒr(θ)
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Figure 3: 1.565970e-02 3 hidden layers 50 units

Figure 4: 40000 iterations
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Prediction of a fully connected 4-layer deep physics-informed neural network (0.5% relative error)



L(✓) := �1 Lu(✓)| {z }
Data fit

+�2 Lr(✓)| {z }
PDE residual

+�3 Lu0(✓)| {z }
ICs fit

+�4 Lub(✓)| {z }
BCs fit
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…but how to choose the weights/learning rates?



Adaptive moment estimation

Published as a conference paper at ICLR 2015

Algorithm 1: Adam, our proposed algorithm for stochastic optimization. See section 2 for details,
and for a slightly more efficient (but less clear) order of computation. g2t indicates the elementwise
square gt � gt. Good default settings for the tested machine learning problems are ↵ = 0.001,
�1 = 0.9, �2 = 0.999 and ✏ = 10�8. All operations on vectors are element-wise. With �

t
1 and �

t
2

we denote �1 and �2 to the power t.
Require: ↵: Stepsize
Require: �1,�2 2 [0, 1): Exponential decay rates for the moment estimates
Require: f(✓): Stochastic objective function with parameters ✓
Require: ✓0: Initial parameter vector

m0  0 (Initialize 1st moment vector)
v0  0 (Initialize 2nd moment vector)
t 0 (Initialize timestep)
while ✓t not converged do
t t+ 1
gt  r✓ft(✓t�1) (Get gradients w.r.t. stochastic objective at timestep t)
mt  �1 ·mt�1 + (1� �1) · gt (Update biased first moment estimate)
vt  �2 · vt�1 + (1� �2) · g2t (Update biased second raw moment estimate)
bmt  mt/(1� �

t
1) (Compute bias-corrected first moment estimate)

bvt  vt/(1� �
t
2) (Compute bias-corrected second raw moment estimate)

✓t  ✓t�1 � ↵ · bmt/(
p
bvt + ✏) (Update parameters)

end while
return ✓t (Resulting parameters)

In section 2 we describe the algorithm and the properties of its update rule. Section 3 explains
our initialization bias correction technique, and section 4 provides a theoretical analysis of Adam’s
convergence in online convex programming. Empirically, our method consistently outperforms other
methods for a variety of models and datasets, as shown in section 6. Overall, we show that Adam is
a versatile algorithm that scales to large-scale high-dimensional machine learning problems.

2 ALGORITHM

See algorithm 1 for pseudo-code of our proposed algorithm Adam. Let f(✓) be a noisy objec-
tive function: a stochastic scalar function that is differentiable w.r.t. parameters ✓. We are in-
terested in minimizing the expected value of this function, E[f(✓)] w.r.t. its parameters ✓. With
f1(✓), ..., , fT (✓) we denote the realisations of the stochastic function at subsequent timesteps
1, ..., T . The stochasticity might come from the evaluation at random subsamples (minibatches)
of datapoints, or arise from inherent function noise. With gt = r✓ft(✓) we denote the gradient, i.e.
the vector of partial derivatives of ft, w.r.t ✓ evaluated at timestep t.

The algorithm updates exponential moving averages of the gradient (mt) and the squared gradient
(vt) where the hyper-parameters �1,�2 2 [0, 1) control the exponential decay rates of these moving
averages. The moving averages themselves are estimates of the 1st moment (the mean) and the
2nd raw moment (the uncentered variance) of the gradient. However, these moving averages are
initialized as (vectors of) 0’s, leading to moment estimates that are biased towards zero, especially
during the initial timesteps, and especially when the decay rates are small (i.e. the �s are close to 1).
The good news is that this initialization bias can be easily counteracted, resulting in bias-corrected
estimates bmt and bvt. See section 3 for more details.

Note that the efficiency of algorithm 1 can, at the expense of clarity, be improved upon by changing
the order of computation, e.g. by replacing the last three lines in the loop with the following lines:
↵t = ↵ ·

p
1� �t

2/(1� �
t
1) and ✓t  ✓t�1 � ↵t ·mt/(

p
vt + ✏̂).

2.1 ADAM’S UPDATE RULE

An important property of Adam’s update rule is its careful choice of stepsizes. Assuming ✏ = 0, the
effective step taken in parameter space at timestep t is �t = ↵ · bmt/

p
bvt. The effective stepsize has

two upper bounds: |�t|  ↵ · (1 � �1)/
p
1� �2 in the case (1 � �1) >

p
1� �2, and |�t|  ↵

2

…i.e. use the gradient statistics during training to adaptively adjust the learning rate.



A learning rate annealing algorithm for PINNs
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Consequently, the corresponding gradient descent updates now take the form

✓n+1 = ✓n � ⌘r✓L(✓n) (38)

= ✓n � ⌘r✓Lr(✓n)� ⌘
MX

i=1

�ir✓Li(✓n), (39)

where we see how the constants �i can effectively introduce a re-scaling of the learning rate corresponding to each
loss term. Obviously, the next question that needs to be answered is should those weights how �i be chosen? It is
straightforward to see that choosing �i arbitrarily following a trial and error procedure is extremely tedious and may
not produce satisfying results. Moreover, the optimal constants may vary greatly for different problems, which means
we cannot find a fixed empirical recipe that is transferable across different PDEs. Most importantly, the loss function
always consists of various parts that serve to provide restrictions on the equation. It is impractical to give different
weights to different parts of the loss function manually.

Here we draw motivation from Adam [27] – one the most widely used adaptive learning rate optimizers in the deep
learning literature – to derive an adaptive rule for choosing the �i weights online during model training. The basic
idea behind Adam is to keep track of the first- and second-order moments of the back-propagated gradients during
training, and utilize this information to adaptively scale the learning rate associated with each parameter in the ✓
vector. In a similar spirit, our proposed learning rate annealing procedure, as summarized in algorithm 1, is designed to
automatically tune the �i weights by utilizing the back-propagated gradient statistics during model training, such that
the interplay between all terms in equation 37 is appropriately balanced.

Algorithm 1: Learning rate annealing for physics-informed neural networks
Consider a physics-informed neural network f✓(x) with parameters ✓ and a loss function

L(✓) := Lr(✓) +
MX

i=1

�iLi(✓),

where Lr(✓) denotes the PDE residual loss, the Li(✓) correspond to data-fit terms (e.g., measurements, initial or
boundary conditions, etc.), and �i = 1, i = 1, . . . ,M are free parameters used to balance the interplay between the
different loss terms. Then use S steps of a gradient descent algorithm to update the parameters ✓ as:

for n = 1, . . . , S do

(a) Compute �̂i by

�̂i =
max✓{|r✓Lr(✓n)|}

|r✓�iLi(✓n)|
, i = 1, . . . ,M, (40)

where |r✓�iLi(✓n)| denotes the mean of |r✓�iLi(✓n)| with respect to parameters ✓.
(b) Update the weights �i using a moving average of the form

�i = (1� ↵)�i + ↵�̂i, i = 1, . . . ,M. (41)

(c) Update the parameters ✓ via gradient descent

✓n+1 = ✓n � ⌘r✓Lr(✓n)� ⌘
MX

i=1

�ir✓Li(✓n) (42)

end

The recommended hyper-parameter values are: ⌘ = 10�3 and ↵ = 0.1.

The proposed algorithm is characterized by two steps. First, we compute instantaneous values for the constants �̂i by
computing the ratio between the maximum gradient value attained by r✓Lr(✓) and the mean of the gradient magnitudes
computed for each of the Li(✓) loss terms, namely, |r✓�iLi(✓)|, see equation 40. As these instantaneous values are
expected to exhibit high variance due to the stochastic nature of the gradient descent updates, the actual weights �i are
computed as a running average of their previous values, as shown in equation 41. Notice that the updates in equations 40
and 41 can either take place at every iteration of the gradient descent loop, or at a frequency specified by the user (e.g.,
every 10 gradient descent steps). Finally, a gradient descent update takes is performed to update the neural network
parameters ✓ using the current weight values stored in �i, see equation 42.
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Systematic comparison

Architecture M1 M2

30 units / 3 hidden layers 2.44E-01 3.98E-02

50 units / 3 hidden layers 1.06E-01 1.58E-02

100 units / 3 hidden layers 9.07E-02 2.39E-03

30 units / 5 hidden layers 2.47E-01 8.91E-03

50 units / 5 hidden layers 1.40E-01 8.08E-03

100 units / 5 hidden layers 1.15E-01 3.25E-03

30 units / 7 hidden layers 3.10E-01 7.86E-03

50 units / 7 hidden layers 1.98E-01 3.66E-03

100 units / 7 hidden layers 8.14E-02 2.57E-03

Relative prediction error (L2 norm) averaged over 10 independent 
trials for the 2D Helmholtz benchmark.

M1: Baseline PINN model (Raissi et. al., 2019)
M2: PINN with the proposed learning rate annealing

Soft physics-informed learning, a recap

L(✓) := 1

Nu

NuX

i=1

[ui � f✓(xi)]
2

| {z }
Data fit

+
1

�
R[f✓(x)]

| {z }
Physics regularization
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An “unconventional” regularizer/prior that requires us to revisit standard deep learning practices: 
• loss functions (e.g., square residual, variational principle, Hamiltonian, etc.?)
• network initialization (e.g., Glorot, adaptive?)
• normalization (e.g., zero-mean/unit-variance, PDE solution bounds?)
• optimization (e.g.,  Adam, adaptive learning rates, proximal algorithms, meta-learning?)
• network architecture (e.g.,  fully connected, residual/recurrent/convolutional layers, attention?)

d✓

dt
= �r✓Lr(✓)�

MX

i=1

r✓Li(✓)
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Stiffness in the gradient flow dynamics.

✓n+1 = ✓n � ⌘r✓Lr(✓n)� ⌘
MX

i=1

r✓Li(✓n)
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An improved neural architecture

x U

x

H(1) H(2) . . . H(L)

V

x fθ(x)

U = φ(W 1"x+ b1), V = φ(W 2"x+ b2)

H(1) = φ(W z,1"x+ bz,1)

Z(k) = φ(W z,kH(k) + bz,k), k = 1, . . . , L

H(k+1) = (1− Z(k))" U + Z(k) " V, k = 1, . . . , L

f(x; θ) = WH(L+1) + b

Key points:
• Account for multiplicative interactions of the inputs, similar to attention mechanisms.
• Residual connections improve resilience against vanishing gradient pathologies.
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Original Adaptive ADGM Adaptive ADGM
30 units / 3 hidden layers 2.44e-01 3.98e-02 5.31e-02 2.56e-03
50 units / 3 hidden layers 1.06e-01 1.58e-02 2.46e-02 1.81e-03
100 units / 3 hidden layers 9.07e-02 2.39e-03 1.17e-02 1.28e-03
30 units / 5 hidden layers 2.47e-01 8.91e-03 4.12e-02 1.96e-03
50 units / 5 hidden layers 1.40e-01 8.08e-03 1.97e-02 1.86e-03
100 units / 5 hidden layers 1.15e-01 3.25e-03 1.08e-02 1.22e-03
30 units / 7 hidden layers 3.10e-01 7.86e-03 3.17e-02 1.98e-03
50 units / 7 hidden layers 1.98e-01 3.66e-03 2.37e-02 1.54e-03
100 units / 7 hidden layers 8.14e-02 2.57e-03 9.36e-03 1.40e-03

where ~x denotes the data points and � denotes element-wise multiplication. The parameters are

✓ = {W 1
, b

1
,W

2
, b

2
, (W z,l

, b
z,l)Ll=1,W, b}

The number of units in each layer is M and � : RM ! RM is a nonlinear activation function.

3 Results

3.1 Example (Helmholtz Equation)

As an example, let’s consider the Helmholtz Equation. This equation is closely related to many problems in natural
and engineer sciences such as wave propagation in acoustic, elastic and electromagnetic media. The two-dimensional
Helmholtz equation has the following form:

�u+ k
2
u = q(x, y) (x, y) 2 [�1, 1] (16)

where � is the Laplace operator and
q(x, y) = 2⇡ cos(⇡y) sin(⇡x) + 2⇡ cos(⇡x) sin(⇡y) + (x+ y)⇡ sin(⇡x) sin(⇡y) + 2⇡2(x+ y) sin(⇡x) sin(⇡y)

For k = 1, the analytical solution is
u(x, y) = (x+ y) sin(⇡x) sin(⇡y) (17)

We extract the boundary function h(x, y) from the exact solution.

To further analyze the performance and generality of our methods, we have performed the following systematic studies
to quantify its predictive accuracy for different methods with respect to different layers and different neural units.

Conclusion:

1. The L2 error of original method even increases when we use deeper neural network with the same number of units,
which contradicts our commonsense that deeper neural network has better ability to fit functions. So this phenomenon
reveals that the ability of neural network to express or generalize is restricted.

2. The L
2 error of original method decreases when we use a wider neural network with the same number of hidden

layers. This is because wider neural networks suffer less from the unbalance gradients issue (Just guess)

3. The L
2 error of adaptive method is obviously lower than the L2 error generated by the original method. It implies

that unbalanced gradients is one of the main problem that prevent the neural network from approximating the solution
effectively. Once this problem is solved, we can expect higher accuracy.

4. The L
2 error of adaptive method decreases when we choose deeper and wider neural network, which means that

adaptive method is effective to help neural network express sufficiently.

5. The L
2 error of ADGM is uniformly better than the original method. This means that the architecture of ADGM is

better than the fully connected neural networks.

3.2 Example (Klein Gordon Equation )

To emphasize the ability of our proposed methods and neural network architecture to deal with different types of
nonlinearity in the governing partial differential equations, let us consider the Klein Gordon Equation along with initial
value conditions:

utt + ↵uxx + �u+ �u
k = f(x, t), (x, t) 2 ⌦⇥ [0, T ]
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Systematic comparison

Architecture M1 M2 M3 M4

30 units / 3 hidden layers 2.44E-01 3.98E-02 5.31E-02 2.56E-03

50 units / 3 hidden layers 1.06E-01 1.58E-02 2.46E-02 1.81E-03

100 units / 3 hidden layers 9.07E-02 2.39E-03 1.17E-02 1.28E-03

30 units / 5 hidden layers 2.47E-01 8.91E-03 4.12E-02 1.96E-03

50 units / 5 hidden layers 1.40E-01 8.08E-03 1.97E-02 1.86E-03

100 units / 5 hidden layers 1.15E-01 3.25E-03 1.08E-02 1.22E-03

30 units / 7 hidden layers 3.10E-01 7.86E-03 3.17E-02 1.98E-03

50 units / 7 hidden layers 1.98E-01 3.66E-03 2.37E-02 1.54E-03

100 units / 7 hidden layers 8.14E-02 2.57E-03 9.36E-03 1.40E-03

Relative prediction error (L2 norm) averaged over 10 independent 
trials for the 2D Helmholtz benchmark.

M1: Baseline PINN model (Raissi et. al., 2019)
M2: PINN with the proposed learning rate annealing
M3: PINN with the proposed neural architecture
M4: PINN with the proposed learning rate annealing and improved neural architecture



Klein Gordon equation

Top: Imbalanced gradients in a dense, 5-layer deep physics-informed neural network lead to 
considerable prediction errors (6.7%). 

Bottom: Accurate predictions can be obtained using the proposed learning rate annealing and improved 
neural architecture strategy (relative prediction error: 0.1%). 
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Figure 5: Klein Gordon

3.2 Example (Klein Gordon Equation )

To emphasize the ability of our proposed methods and neural network architecture to deal with different types of
nonlinearity in the governing partial differential equations, let us consider the Klein Gordon Equation along with initial
value conditions:

utt + ↵uxx + �u+ �u
k = f(x, t), (x, t) 2 ⌦⇥ [0, T ]

with the initial conditions

u(x, 0) = g1(x), x 2 ⌦

ut(x, 0) = g2(x), x 2 ⌦

and Dirichlet boundary condition

u(x, t) = h(x, t), (x, t) 2 @⌦⇥ [0, T ]

where ↵,�, � and k are known constants, k = 2 when we have quadratic nonlinearity and k = 3 when we have cubic
nonlinearity. f, g1, g2 and h are known functions, and the function u is unknown.

The Klein-Gordon equation is frequently used in mathematical models for problems in many fields of science and
engineering, particularly in quantum field theory and relativistic quantum mechanics.

3.3 Example (Lid-Driven Cavity Flow)

The lid-driven cavity is an important benchmark problem within the field of computational fluid dynamics (CFD) for
validating computational methods. While the boundary conditions are relatively simple, the flow features created are
quite interesting and complex. Here we consider a 2D lid driven cavity problem, which has the following form:

@tU � 1

Re
+ (U ·�)U +�p = 0 in (0, T )⇥ ⌦ (18)

� · U = 0, in (0, T )⇥ ⌦ (19)
U(t, x, y) = (1, 0) on (0, T )⇥ �1 (20)
U(t, x, y) = (0, 0) on (0, T )⇥ �0 (21)
U(0, x, y) = (0, 0) in ⌦ (22)

where ⌦ = (0, 1)⇥ (0, 1) is a 2D square cavity and T > 0 the simulation time. And U = (u, v) and p are the velocity
and the pressure respectively. �1 is the top boundary and �0 denotes the other three sides.
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Flow in a lid-driven cavity

u ·ru+rp� 1

Re
�u = 0 in ⌦

r · u = 0 in ⌦

u(x) = (1, 0) on �1

u(x) = (0, 0) on �0
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